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COUNTING MAPPING CLASS GROUP ORBITS ON
HYPERBOLIC SURFACES
MARYAM MIRZAKHANI
1. Introduction
Let Sg,n be a surface of genus g with n marked points. Let X be a complete
hyperbolic metric on Sg,n with n cusps. Every isotopy class [γ] of a closed curve
γ ∈ π1(Sg,n) contains a unique closed geodesic on X . Let ℓγ(X) denote the hyper-
bolic length of the geodesic representative of γ on X . In this paper, we study the
asymptotic growth of the lengths of closed curves of a fixed topological type on Sg,n.
More precisely, we consider the mapping class group Modg,n of self-diffeomorphisms
of Sg,n up to homotopy (fixing the marked points). There is a natural action of
Modg,n on the set of isotopy classes of closed curves on Sg,n.
By the definition, two closed curves γ1 and γ2 are of the same topological type
if and only if there exists g ∈ Modg,n such that g · [γ1] = [γ2]. In this paper, we
study the asymptotics of the counting function
sX(L, γ) = #{β ∈Modg,n ·γ | ℓβ(X) ≤ L}
as L → ∞. As an application, one can obtain the asymptotics of the growth of
skX(L), the number of closed curves of length ≤ L on X with at most k self-
intersections. We also discuss properties of random pants decomposition of large
length on X . Both these results are based on ergodic properties of the earthquake
flow on a natural bundle over the moduli spaceMg,n of hyperbolic surfaces of genus
g with n cusps.
1.1. Growth of lengths of closed geodesics. Let cX(L) be the number of prim-
itive closed geodesics on X of length ≤ L. By work of Delsart, Huber, Selberg and
Margulis, we have
cX(L) ∼ eL/L
as L→∞ [Mar70]. However, the number sX(L) of simple closed geodesics of length
≤ L grows only polynomially in L [BiS]. This growth depends on both topology
and geometry of a hyperbolic surface [Re], [R1], [MR]. By [M4], if γ is a simple
closed curve we have
(1.1) lim
L→∞
sX(L, γ)
L6g−6+2n
= nγ
B(X)
bg,n
.
Here nγ ∈ Q and B(X) is a smooth proper function of X ; in other words, B(X)
goes to infinity as X develops short closed geodesics.
We remark that in general it is hard to discern the self-intersection number of a
closed curve in π1(Sg,n). Roughly speaking, a random closed geodesic of length L
has around L2 self-intersections. There are different ways to make this statement
precise [L1], [L2] and [CL]. Rivin obtained the asymptotics of s1X(L) [R2]. Later,
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Sapir obtained bounds on skX(L) in terms of k and L even in case k is a function
of L [S2].
1.2. Main new results. Here we briefly discuss the main results of this paper:
I. Counting closed geodesics of a given combinatorial type.
We investigate the orbit of an arbitrary closed curve γ under the action of an
arbitrary finite index subgroup Γ ⊂ Modg,n and prove the following result:
Theorem 1.1. Let X be a complete hyperbolic metric on Sg,n and let γ = γ1 +
. . .+ γm where γi ∈ π1(Sg,n). Then there exists nγ ∈ Q, and bg,n ∈ R+ such that
(1.2)
#{α ∈ Γ · γ | ℓα(X) ≤ L}
L6g−6+2n
∼ [Modg,n : Γ]× nγB(X)
bg,n
,
as L→∞.
Remarks.
1. In the statement of Theorem 1.1 for β ∈Modg,n ·γ, we can write β = β1+. . .+βm
and we have ℓβ(X) =
∑m
i=1 ℓβi(X). However, Theorem 1.1 holds for other no-
tions of length: a useful example is the case when m > 1 and in (1.2) we use
ℓ˜β(X) = max{ℓβ1(X), . . . , ℓβm(X)}. See §1.6 (8).
2. In this theorem γ′is might not be simple and they can intersect. For the proof in
the case of simple closed curves and curves with one self intersection see [M4] and
[R2]. We remark that we do not rely on the proof of (1.1) and this paper gives a
different proof of the results in [M4].
As in [M4], if γ does not fill the surface the number nγ is closely related to in-
tersection pairings of tautological line bundles over the moduli spaces of hyperbolic
surfaces with punctures. Otherwise, the trace identities are the reason nγ ∈ Q. See
§1.5 (2).
3. The function B(X) is a smooth proper function on the moduli space Mg,n of
hyperbolic surfaces of genus g with n cusps. Moreover B(X) is integrable with
respect to the Weil-Petersson volume form on Mg,n [M4] and
bg,n =
∫
Mg,n
B(X) dX.
See §1.6 (1), and §2.11 for a geometric interpretation of B(X).
4. There are only finitely many isotopy classes of closed curves on Sg,n with k
self intersections up to the action of the mapping class group. Therefore, summing
sX(L, γ) over representatives of these orbits gives s
k
X(L), and the asymptotics of
the sX(L, γ)’s determines the asymptotics of s
k
X(L). However our proof does not
give any information about the growth of the number of different topological types
of closed curves with k self-intersections (as a function of k). For results in this
direction see [S1].
5. A different version of this result for the case of g = n = 1 was obtained recently
by V. Erlandsson and J. Souto [ES] using different techniques. We remark that
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their result is stronger than what we prove in this case.
As it was pointed to us by Souto, in view of Theorem 1.1 the results obtained in
[ES] can be used to obtain the asymptotics of the geodesic flow invariant measures
supported on geodesic representatives of the elements of the set {g ·γ | g ∈Modg,n}
on T 1(X). This answers a question raised by Sarnak in case of g = n = 1 [S] (see
also §3). For more details see (1), (2) and (3) in §1.6.
We will consider the case of g = n = 1, and γ = γ1 + γ2 + γ3, where γ1 and
γ2 are simple closed curves on S1,1 with i(γ1, γ2) = 1, and γ3 is the Dehn twist
of γ1 around γ2. For the modular once punctured torus X0, we can measure the
length of β ∈ Mod1,1 ·γ by ℓ˜β(X0) = max{ℓβ1(X0), ℓβ2(X0), ℓβ3(X0)}. In this case,
our counting problem is the same as the counting of the integral solutions of the
Markoff equation x2 + y2 + z2 = 3xyz, using the norm |(x, y, z)| = max{x, y, z}.
This problem was first studied by Zagier [Z]. See §3 for details.
For counting results on related equations see [BK], [B] and [HSZ]. For more on
counting and strong approximation results for Markoff type affine cubic surfaces
see [BGS].
II. Statistics of pants decompositions on a fixed hyperbolic surface. We
also study the distribution of lengths and twists of curves in a random pants decom-
position of X . Defining the twist parameter is more technical, so here we discuss
the weaker results on the length distributions.
Let P = {α1, . . . , α3g−3+n} be a pants decomposition of Sg,n. We study the
asymptotic distribution of
{(ℓg·α1(X), . . . , ℓg·α3g−3+n(X))}g∈Modg,n ⊂ R3g−3+n.
Given g ∈Modg,n, g · P defines a set of numbers
{(ℓg·α1(X), . . . , ℓg·α3g−3+n(X))}.
Let
∆ = {(x1, . . . , xk)|
∑
xi = 1} ⊂ R3g−3+n+ .
Then each element in sX(L,P) defines a point in ∆. Given L, let νL be the discrete
measure on ∆ corresponding to the elements of sX(L,P).
Theorem 1.2. Let X be a compact hyperbolic surface. Then
lim
L→∞
νL = ν,
where for any A ⊂ ∆
ν(A) =
∫
Cone(A)
x1 . . . xkdx1 · · · dxk.
Remarks. The proof of this result rely on the ideas used in [M5]. The same method
could be used to study the Γ orbit of a pair of pants, where [Modg,n : Γ] <∞.
For an equivalent form of this result in terms of counting pairs of pants on a surface
see Theorem 9.1. Note that the limiting measure in Theorem 1.2 does not depend
on the topology of P . Theorem 1.2 is not used in the proof of Theorem 1.1. Even
though here we use the ergodicity of the earthquake flow §9, both statements are
corollaries of the ergodicity of the action of the mapping class group on the space
of measured laminations. See also §9.5 and the discussion in the beginning of §9.2.
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1.3. Asymptotic properties of length functions and distribution of balls.
Let Mg,n be the moduli space of complete hyperbolic Riemann surfaces of genus
g with n cusps. Given a closed curve γ ∈ π1(Sg,n) the geodesic length function
of γ defined a function over the universal cover Tg,n of Mg,n. Instead of proving
statements about the mapping class group orbit Modg,n ·γ of γ on X ∈ Tg,n, we
study the discrete set
Γ ·X ⊂ Tg,n,
where [Modg,n : Γ] <∞.
To simplify the notation, for now we assume that Γ = Modg,n. We can define a
cover
πγ :Mγg,n = Tg,n/ Stab(γ)→Mg,n.
Given L > 0, the length function
ℓγ :Mγg,n → R
X → ℓγ(X),
defines
Bγ(L) = {Z |ℓγ(Z) ≤ L} ⊂ Mγg,n.
We study the growth of #(g ∈ Modg,n | g · X ∩ Bγ(L)) as L → ∞ by inves-
tigating the asymptotic shape of Bγ(L). This allows us to obtain results on the
distribution of πγ(Bγ(L)) ⊂Mg,n as L→∞.
We say a closed curve γ if filling if there is no essential closed curve β disjoint
from γ on Sg,n. We remark that if γ is filling then Stab(γ) is a finite group. In
this case, Bγ(L) is a compact subset ofMγg,n and Tg,n [Bo1]. In general Bγ(L) has
finite volume with respect to the Weil-Petersson volume form.
1.4. Remark on the case of Γ 6= Modg,n. In general, we will consider the cover
Mg,n[Γ] ofMg,n corresponding to Γ ⊂Modg,n . Our result generalizes to this case:
this is mainly because the ergodicity of the earthquake flow also holds for the bundle
P1Mg,n[Γ]. See Theorem 2.8. However, to simplify the notation, we consider the
case that Γ = Modg,n and γ is filling in the introduction.
1.5. Idea of proof and additional results. Let P be a pants decomposition of
Sg,n. For a marked hyperbolic surface X ∈ Tg,n, the Fenchel-Nielsen coordinates
associated with P ,
(1.3) Tg,n → R3g−3+n+ × R3g−3+n
X → ((ℓαi(X))3g−3+ni=1 , (ταi(X))3g−3+ni=1 ),
consists of the set of lengths of all geodesics used in the decomposition and the set
of the twisting parameters used to glue the pieces. See §2 for more details. This
way, one obtains a natural isomorphism between Tg,n and R3g−3+n+ × R3g−3+n.
We prove that the length functions
ℓγ : Tg,n → R+,
X → ℓγ(X)
behave asymptotically like a piecewise linear function in terms of the Fenchel-
Nielsen coordinates. Note that the linear structure induced by the Fenchel-Nielsen
coordinates does depend on the choice of P . However, if we choose a different pants
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decomposition P ′ as we will see the change of coordinates is asymptotically piece-
wise linear (this happens only away from finitely many hyperplanes). Recall that
the Weil-Petersson volume form µwp defined by
∧3g−3+n
i=1 dℓi ∧ dταi is independent
of the choice of P . See §2.
Steps of proof of Theorem 1.1.
1. We show that for any γ, the function ℓγ asymptotically behaves like a piecewise
linear function in terms of the Fenchel-Nielsen coordinates on Tg,n. In fact one can
write down a formula for ℓγ in terms of the Fenchel-Nielsen coordinates. For an
explicit calculation, see [O1]. We don’t need this general formula here. Instead
we use work of [HT] to get the result by only doing the calculations in four holed
spheres and one holed tori.
Recall that X ∈ T (Sg,n) defines a representation ρ : π1(Sg,n) → PSL(2,R)
(sending the loops around marked points to elliptic elements).
Given γ ∈ π1(Sg,n), the trace of the matrix ρ(γ) is related to the length of the
corresponding closed geodesWeil-Peterssonic on X by
2 cosh(
ℓγ(X)
2
) = |Tr(ρ(γ))|.
Weil-Petersson Let γ1, . . . , γN is a set of generators for π1(Sg,n). For any γ ∈
π1(Sg,n) the trace of ρ(γ) is a polynomial with integral coefficients in terms of
{Tr(ρ(γi) · ρ(γj) · ρ(γk)}, where 1 ≤ i < i < j < k ≤ N.
One can prove the asymptotically linear behavior of ℓγ on Tg,n using these trace
identities in SL(2,R). See §3 for the discussion in case of once punctured torus.
Also, see [Bu], [G3] references within for more details.
2. We show that apart from finitely many hyperplanes, as L → ∞, Bγ(L) gets
close to being a polyhedral shape with finitely many sides §4. As a result, we prove
that ∫
Mg,n
sX(L, γ)dX = Volwp(Bγ(L)) ∼ nγL6g−6+2n,
L→∞. Here the volume is taken with respect to the Weil-Petersson volume form
§8. This generalizes the result obtained in [M3].
Moreover, the coefficients of the linear functions estimating ℓγ are all in Q which
implies that nγ ∈ Q if γ is filling. In general nγ can be written in terms of the
coefficients of the linear functions approximating ℓγ and the leading coefficients
of Weil-Petersson volumes of moduli spaces of hyperbolic surfaces with geodesic
boundary components. See Theorem 2.4 and §8.
3. Let C be a cone (with respect to the Fenchel-Nielsen coordinates) and H ⊂ C ⊂
Tg,n be an open set on a hyperplane defined by a linear function. Given t > 0 and
X ∈ Tg,n let t ·X ∈ Tg,n be the surface obtained by multiplying all the coordinates
of X by t. Consider the projection π : Tg,n →Mg,n. We use the results motivated
by [M5] to obtain equidistribution results for π(t ·H) ⊂Mg,n.
Our method works only if there exists a constant M(C) such that
(*)
|ταi(Y )|
ℓαi(Y )
≤M(C)
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for each αi ∈ P , and Y ∈ C. In this case, we prove that as t→∞, π(t ·H) becomes
equidistributed with respect to the measure B(X) × µwp as t → ∞. Here µwp is
the Weil-Petersson volume form on Mg,n.
Assume that C ⊂ Tg,n satisfies (∗) and L : C → R+ is a linear function in
terms of the Fenchel-Nielsen coordinates corresponding to P . We prove that if
VC(L) = Volwp({Z ∈ C,L(Z) ≤ 1}) <∞, then for any X ∈ Tg,n, we have
(1.4) #{g ∈Modg,n | g ·X ∈ C, L(g ·X) ≤ L} ∼ VC(L) · L6g−6+2n ·B(X),
as L→∞.
In order to prove this result, first we use the ergodicity of the earthquake flow
[M1] to prove (1.4) for L0 =
∑3g−3+n
i=1 ℓαi .
The connection between equidistribution of π(t·H) and our counting result (1.4)
is discussed in §7. The main idea goes back to Margulis’ thesis [Mar70]. See also
[EM].
One important point in the argument is controlling the shape of balls of small
radius centered at g ·X in Fenchel-Nielsen coordinates §4.9. Here one could use any
metric which is invariant under the mapping class group, but we use the Lipschitz
distance function dTh defined by Thurston [T1]. Roughly speaking, we need an
upper bound on
|ταi(g ·X)− ταi(Y )|
ǫ · ℓαi(g ·X)
when dTh(g ·X,Y ) < ǫ. These estimates do not hold everywhere on Tg,n. However,
they work around the points in BP(M) ⊂ Tg,n where for all 1 ≤ i, j ≤ 3g − 3 + n ,
we have
ℓαi (X)
ℓαj (X)
< M. See Lemma 4.9 and Corollary 4.11.
However, this is not a problem for us as most points in Modg,n ·X ∩ CL are in
BP(M). We remark that our estimates get worse as M → ∞. See §5.1 for more
details.
4. We emphasize that the length function behaves like a linear function only away
from finitely many hyperplanes. So we still have to show that the set of points
Modg,n ·X do not accumulate around hyperplanes in Tg,n. Also, we need to consider
the asymptotic behavior in infinitely many cones mℓαi ≤ ταi ≤ (m+1)ℓαi . In order
to prove our main result, we prove several estimates on the properties of random
pants decompositions on a hyperbolic surface X . For example, we show that as
L→∞, we have
•
|{g · P ∈ sX(L,P) |min{ℓg·αi(X)} ≤
√
L}|
L6g−6+2n
−→ 0,
and
•
|{g · P ∈ sX(L,P) |τi(X,g · P) ≤
√
L}|
L6g−6+2n
−→ 0.
More generally, if R is a linear function with positive coefficients, in §5 we obtain
an upper bound on
|{g · P ∈ sX(L,P) |R(ℓα1(X), . . . , ℓα3g−3+n(X)) ≤ L′}|.
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These bounds are used in §7. If R has both negative and positive coefficients, we
can use (1.4), and the results of §7 and §6 to get a weaker bound. For example, we
show:
|{g · P ∈ sX(L,P) ||ℓg·αi(X) + ℓg·αj(X)− ℓg·αl(X)| ≤
√
L}|
L6g−6+2n
−→ 0.
See Lemma 9.2. These estimates might be of independent interest §5.
1.6. Questions and Remarks. 1. First, we briefly recall the results obtained
in [M4]. For any Riemann surface Y with bounded negative curvature and any
multi-curve γ we have
sY (L, γ) ∼ B(Y )
bg,n
nγ L
6g−6+2n,
as L→∞.
A key role in the approach is played by the spaceMLg,n of compactly supported
measured laminations on Sg,n (See §2.8). The space MLg,n is the completion of
the set of rational multi-curves on Sg,n. Moreover,MLg,n carries a mapping class
group invariant volume form µTh.
Let BX ⊂MLg,n be the unit ball in the space of measured geodesic laminations
with respect to the length function at X , and B(X) = VolTh(BX). Let µ
γ
Γ be the
discrete measure on MLg,n supported on the orbit γ, that is
µγΓ =
∑
g·Γ
δg·γ .
Note that MLg,n has a natural action of R+ by dilation.
For T ∈ R+, Let T ∗(µγ) denote the rescaling of µγ by factor T . Although the
action of Modg,n onMLg,n is not linear, it is homogeneous. We define the measure
µT,γ,Γ by
(1.5) µT,γ,Γ =
T ∗(µγΓ)
T 6g−6+2n
.
So given U ⊂MLg,n µT,γ,Γ(U) = µγΓ(T · U)/T 6g−6+2n.
Then, for any T > 0, the measure µT,γ is also invariant under the action of
Modg,n on MLg,n, and
µT,γ(BX) =
sX(T, γ)
T 6g−6+2n
.
Hence understanding the asymptotic behavior of sX(T, γ) is closely related to
the asymptotic behavior of the sequence {µT,γ}T . For any simple closed curve (or
multi-curve), the method used in [M4] implies that for any finite index subgroup Γ
of Modg,n we have:
(1.6) µT,γ,Γ → nγ
bg,n
[Modg,n : Γ] · µTh.
as T →∞. We remark that (1.6) is a topological statement: the hyperbolic length
can be replaced by any way of measuring the length of simple closed curves, as long
as it extends continuously to MLg,n, and it is homogeneous with respect to the
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action of R+ on MLg,n.
2. Note that similar to (1.5), for any closed curve γ and X one can consider
(**) µXT,γ,Γ =
∑
ℓg·γ(X)≤T
δg·γ
T 6g−6+2n
as a point in the space G(Sg,n) of geodesic currents on Sg,n [Bo1]. On the other
hand, everyX ∈ Tg,n determines a measure νX on PMLg,n such that for U ⊂ PML,
we have
(1.7) νX(U) = ν({η ∈ MLg,n| ℓη(X) ≤ 1, [η] ∈ U}.
For g = n = 1 and Γ = Mod1,1, Erlandsson and Souto [ES] show that for
X ∈ T1,1 as T → ∞, the sequence µXT,γ,Γ will converge to a multiple of νX for an
arbitrary closed curve γ.
As Souto pointed to us, combining the results in [ES] and Theorem 1.1 implies
that for any X ∈ Tg,n
(1.8) µXT,γ,Γ →
nγ
B(X)
νX
as T →∞. See Corollary 4.4 in [ES].
3. One can reformulate (1.8) as the distribution of orbits of Modg,n ·γ on T 1(X).
Recall that every λ ∈ MLg,n determines a geodesic flow invariant measure µλ on
T 1(X). Then we get a measure µX on T
1(X) defined by the ergodic decomposition
µX =
∫
PMLg,n
µλ
ℓλ(X)
dλ.
In general, the limit of measures supported on the set of β′s in Modg,n ·γ (as in
(∗∗)) exists and it is equal to a multiple of µX . In case γ does not have any self
intersections this equidistribution result is a corollary of [M4].
4. More generally, given any filling geodesic currents Z1 and Z2, we can consider
the growth of the
(1.9)
#{Z ∈ Modg ·Z1 | i(Z,Z2) ≤ L}
L6g−6
as L→∞. One can easily prove this is a sequence is bounded away from zero.
We note that if Y is filling, then any limit point of the set [Γ · Y ] ⊂ P(G(Sg)) is
inside P(MLg). As a result of work of Souto and Erlandsson [ES] (see (1.8)) the
limit in (1.9) exists when Z1 and Z2 are both filling closed curves on Sg. This is
of special interest since many geometric structures on Sg,n could be represented as
geodesic currents. See [O], [DRL] and [LM].
5. We emphasize that the method used in our paper only works for hyperbolic
surfaces. Our method does not work for studying the statistics of ratios of lengths
of a random pants decomposition on a negatively curved surface. It would be in-
teresting to generalize Theorem 1.2 to this setting.
6. Some of the results in this paper are analogous to the ones in [ABEM]. However,
in our setting there is no natural flow playing the rule of the geodesic flow. The
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length balls Bγ(L) are not the metric balls (we only use some basic properties of
the Thurston lipshitz distance in Lemma 4.9 and §7). The ergodic properties of
the Teichmu¨lcer geodesic flow are used only indirectly: the ergodicity of the earth-
quake flow is a consequence of the ergodcity of the horocycle flow on the moduli
space of meromorphic quadratic differentials with simple poles. The ergodicity of
the horocycle flow was obtained using the mixing of the geodesic flow due to Masur
and Veech. See [Mas82], [Mas85], [Ve], [M1] and references within.
7. The results of this paper also hold in general for hyperbolic surfaces with geodesic
boundary components. See §9.5. The methods used in this paper could be used to
obtain the distribution of
(ℓg·γ1(X), ℓg·γ2(X))g∈Modg,n ,
for arbitrary closed curves γ1, γ2 ∈ π1(Sg,n), and X ∈ Tg,n.
8. Let F : Tg,n → R+ be an arbitrary proper asymptotically piecewise linear map
and X ∈ Tg,n The method in this paper can be used to study the growth of
#{g ·X | g ∈Modg,n , F (g ·X) ≤ L}
as L→∞.
9. It seems to be hard to make our method effective and obtain error terms for
(1.2). Even knowing how fast the horosphere measures ( see §6) get equiduistributed
on Mg,n does not seem to be enough.
1.7. Remark on the case with extra symmetry. We have to be careful about
the statement of the results when γ or X have extra symmetries. Given a finite
subgroup index Γ of Modg,n, we consider the following sets:
(1) A1(X, γ, L) = {g · γ | g ∈ Γ, ℓg·γ(X) ≤ L} (used to define sX(L, γ)),
(2) A2(X, γ, L) = {g−1 · X | ℓγ(g−1 · X) ≤ L,g ∈ Γ}, (related to the lattice
counting problem Γ ·X ∩Bγ(L)), and
(3) A3(X, γ, L) = {g ∈ Γ | ℓg·γ(X) ≤ L} (considered in (1.4)).
It is important to note that in general these sets are not of equal size. The problem
arises if X or γ have non-trivial symmetry groups.
• For a closed curve γ, we define the symmetry group of γ by
Sym(γ) = Stab(γ)
⋂
i(α,γ)=0
Stab(α),
where Stab(β) = {g ∈ Modg,n | g · β = β}. If γ is filling, then Sym(γ) =
Stab(γ).
• Given X ∈ Tg,n we define Aut(X) = {g ∈Modg,n | g ·X = X}.
It is known that both Sym(γ) and Aut(X) are finite subgroups of Modg,n .
Also, one can easily check that:
| Sym(γ) ∩ Γ| · |A1(X, γ, L)| = |A3(X, γ, L)|,
and
|Aut(X) ∩ Γ| · |A2(X, γ, L)| = |A3(X, γ, L)|.
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Notes and References. For more on properties of length functions see [Wol3],
[BBFS] and references within. For interesting conjectures and results on word
length growth of self-intersecting curves see [C], [CL], and [S1].
The key tool in proving the results on earthquake flow is the work of Thurston
and Bonahon on horocycle foliations and shear coordinates for the Teichmu¨ller
space and the space of measured foliations [T1], [Bo2]. This construction is a
natural generalization of the Fenchel-Nielsen coordinates for the Teichmu¨ller space.
For the dynamics of the horocycle flow see [Mas85] See also [Re].
It is known that the intersection i(γ,−) defines a piecewise linear function on
MLg. For more on the Dehn-Thurston coordinate change under elementary moves
see [P], [T]. Compare with Proposition 4.3 and §4.5.
Acknowledgments. I am grateful to Alex Eskin, Peter Sarnak, Jenya Sapir and
Juan Souto for many illuminating and encouraging discussions related to the results
of this paper. I would also like to thank Tian Yang and Alex Wright for their
comments. This work was partially supported by NSF and Simons grants.
2. Background
In this section, we present some familiar concepts on the basic properties of
the moduli space, the space of measured geodesic laminations, and the earthquake
flow. We will give an overview of the results we will use later in the paper. For
more details on hyperbolic geometry and Teichmu¨ller theory see [IT] and [Bu] and
references within.
2.1. Hyperbolic length function and trace identities. Recall that every hy-
perbolic surface X gives rise to a representation
ρX : π1(Sg,n)→ PSL2(R)
γ → Aγ
such that
|Tr(Aγ)| = cosh(ℓγ(X)/2).
Generally, the conjugacy class of a matrix in SL(2,C) is determined by its trace.
Also, a generic pair (A,B) is determined up to conjugacy by the triple of traces
(Tr(A),Tr(B),Tr(AB)) and we have
Tr([A,B]) = Tr(A)2 +Tr(B)2 +Tr(AB)2 − Tr(A)Tr(B)Tr(AB).
Moreover, one can calculate the trace of any word in A and B using the following
identity:
(2.1) Tr(AB) + Tr(AB−1) = Tr(A)× Tr(B).
By a theorem of Fricke [F1], [FK], the moduli space of equivalence classes of
SL(2,C)-representations naturally identifies with affine space C3.
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2.2. Teichmu¨ller Space. A point in the Teichmu¨ller space T (S) is a complete
hyperbolic surface X equipped with a diffeomorphism f : S → X . The map f
provides a marking on X by S. Two marked surfaces f : S → X and g : S → Y
define the same point in T (S) if and only if f◦g−1 : Y → X is isotopic to a conformal
map. When ∂S is nonempty, consider hyperbolic Riemann surfaces homeomorphic
to S with geodesic boundary components of fixed length. Let A = ∂S and L =
(Lα)α∈A ∈ R|A|+ . A point X ∈ T (S,L) is a marked hyperbolic surface with geodesic
boundary components such that for each boundary component β ∈ ∂S, we have
ℓβ(X) = Lβ.
Let Sg,n be an oriented connected surface of genus g with n boundary components
(β1, . . . , βn). Then
T (Sg,n)(L1, . . . , Ln) = T (Sg,n, L1, . . . , Ln),
denote the Teichmu¨ller space of hyperbolic structures on Sg,n with geodesic bound-
ary components of length L1, . . . , Ln. By convention, a geodesic of length zero is a
cusp and we have
T (Sg,n) = T (Sg,n)(0, . . . , 0).
Let Modg,n denote the mapping class group of Sg,n, or the group of isotopy classes of
orientation preserving self homeomorphisms of S leaving each boundary component
set wise fixed. The mapping class group Modg,n = Mod(Sg,n) acts on T (Sg,n) by
changing the marking. The quotient space
Mg,n =M(Sg,n) = T (Sg,n)/Modg,n
is the moduli space of Riemann surfaces homeomorphic to Sg,n with n punctures.
Given Γ ⊂ Modg,n, define
Mg,n[Γ] := T (Sg,n)/Γ.
Then Mg,n[Γ] is a finite cover of Mg,n.
2.3. The Weil-Petersson symplectic form. Recall that a symplectic structure
on a manifold M is a non-degenerate closed 2-form ω ∈ Ω2(M). The n-fold wedge
product
ω ∧ · · · ∧ ω
never vanishes and defines a volume form on M .
By work of Goldman [G1], the space Tg,n(L1, . . . , Ln) carries a natural symplectic
form invariant under the action of the mapping class group. This symplectic form
is called Weil-Petersson symplectic form, and denoted by w or wwp. Note that
when S is disconnected, we have
Volwp(M(S,L)) =
k∏
i=1
Volwp(M(Si, LAi)).
2.4. Thurston distance function. Given X,Y ∈ Tg,n, define
d1(X,Y ) = sup
λ∈MLg,n
(log(
ℓλ(X)
ℓλ(Y )
)).
For more details see [T1]. Since d1(X,Y ) is not symmetric, we will work with
dTh(X,Y ) = max{d1(X,Y ), d1(Y,X)}.
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Now let BX(ǫ) ⊂ Tg,n be the ball of radius ǫ around X ∈ Tg,n,
BX(ǫ) = {Y | dTh(X,Y ) ≤ ǫ/2}.
Note that as ǫ→ 0, eǫ ∼ 1+ ǫ. Also, if ǫ is small then 1− 2ǫ ≤ e−ǫ, and eǫ ≤ 1+2ǫ.
Hence if Y ∈ BX(ǫ), then for any λ ∈ MLg,n we have
ℓλ(X)(1− ǫ) ≤ ℓλ(Y ) ≤ ℓλ(X)(1 + ǫ).
Note that since dim(Tg,n) = 6g − 6 + 2n, dim(ℓ−1γ (L)) = 6g − 7 + 2n. One can
estimate the volume of the ball of radius ǫ, as ǫ→ 0 [?]:
Proposition 2.1. For any X ∈ K, we have
• a): For small ǫ > 0, Volwp(BX(ǫ)) ≍ ǫ6g−6+2n.
• b): For any γ ∈MLg,n(Z),
Volwp(BX(ǫ) ∩ ℓ−1γ (L)) = O(
ǫ6g−7+2n
L
),
where the volume of BX(ǫ)∩ℓ−1γ (L) ⊂ Hγ(L) is with respect to the measure
µLγ .
2.5. Marked pants decomposition and twisting information. Let P be a
pants decomposition, decomposing Sg,n to pairs of pants Σ1, . . . ,Σ2g−2+n. We
will consider a more general form of this statement by considering marked pants
decomposition P˜ : for each αi = Σk ∩ Σl in we have a pair η1, η2 of simple arcs
joining αi to two other curves in Σk and Σl. This gives us a way of defining
0 ≤ ταi(X) ≤ ℓαi(X), twist around αi on X. In case αi is in only one pair of pants,
we can choose η1 = η2 to be a simple arc joining αi to itself. Given αi, let Σ1 and
Σ2 be the two pairs of pants containing αi: choose an arc δi intersection αi at one
point transversely joining two points on the boundary of Σ1 ∪ Σ2. This naturally
defines a closed curve βi disjoint from all other closed curves in P . If Σ1 = Σ2,
i(βi, αi) = 1, and if Σ1 6= Σ2, i(βi, αi) = 2.
2.6. The Fenchel-Nielsen coordinates. A pants decomposition of S is a set of
disjoint simple closed curves which decompose the surface into pairs of pants. Fix
a system of pants decomposition of Sg,n, P = {αi}ki=1, where k = 3g − 3 + n. For
a marked hyperbolic surface X ∈ Tg,n, the Fenchel-Nielsen coordinates associated
with P , {ℓα1(X), . . . , ℓαk(X), τα1(X), . . . , ταk(X)}, consists of the set of lengths of
all geodesics used in the decomposition and the set of the twisting parameters used
to glue the pieces.
We have an isomorphism
(2.2) FNP˜ : Tg,n ∼= R3g−3+n+ × R3g−3+n
by the map
X → (ℓαi(X), ταi(X)).
By work of Wolpert, over Teichmu¨ller space the Weil-Petersson symplectic structure
has a simple form in Fenchel-Nielsen coordinates [Wol1].
Theorem 2.2 (Wolpert). The Weil-Petersson symplectic form is given by
ωwp =
k∑
i=1
dℓαi ∧ dταi .
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2.7. Integrating geometric functions over moduli spaces. Here, we discuss
a method for integrating certain geometric functions overMg,n developed in [M3].
Let Sg,n denote the set of homotopy classes of non-trivial, non-peripheral, simple
closed curves on the surface Sg,n. Let Λ = (γ1, . . . , γk), where γi’s are distinct and
disjoint elements of Sg,n. To each Λ, we associate the set
OΛ = {(g · γ1, . . . ,g · γk) | g ∈Modg,n}.
Given a function F : Rk+ → R+, define
FΛ :Mg,n → R
by
(2.3) FΛ(X) =
∑
(α1,...,αk)∈OΛ
F (ℓα1(X), . . . , ℓαk(X)).
Let Sg,n(Λ) be the result of cutting the surface Sg,n along γ1, . . . , γk; that is
Sg,n(Λ) ∼= Sg,n − UΛ, where UΛ is an open neighborhood of γ1 ∪ . . . ∪ γk homeo-
morphic to ∪ki=1γi × (0, 1). Thus Sg,n(Λ) is a possibly disconnected surface with
n+2k boundary components; each γi gives rise to two boundary components γ
1
i and
γ2i of Sg,n(Λ). Given x = (x1, . . . , xk) with xi ≥ 0, we consider the moduli space
M(Sg,n(Λ), ℓΛ = x) of hyperbolic Riemann surfaces homeomorphic to Sg,n(Λ) such
that for 1 ≤ i ≤ k, ℓγ1i = xi and ℓγ2i = xi. Then we have ([M3]):
Theorem 2.3. For any Λ = (γ1, . . . , γk), the integral of F
Λ overMg,n with respect
to the Weil-Petersson volume form is given by∫
Mg,n
FΛ(X) dX = 2−M(γ)
∫
x∈Rk
+
F (x1, . . . , xk) Vg,n(Λ,x) x · dx,
where x · dx = x1 · · ·xk · dx1 ∧ · · · ∧ dxk, and
M(γ) = |{i| γi separates off a one-handle from Sg,n}|.
Here given x = (x1, . . . , xk) ∈ Rk+, Vg,n(Λ,x) is defined by
Vg,n(Λ,x) = Vol(M(Sg,n(Λ), ℓΛ = x).
That is, ℓγ11 = x1, ℓγ21 = x1, . . . , ℓγ1k = xk, ℓγ2k = xk. Also,
Vg,n(Λ,x) =
s∏
i=1
Vgi,ni(ℓAi),
where
(2.4) Sg,n(Λ) =
s⋃
i=1
Si ,
Si ∼= Sgi,ni , and Ai = ∂Si.
Remark. Given a multi curve γ =
∑k
i=1 ciγi, the symmetry group of γ, Sym(γ),
is defined by
Sym(γ) = Stab(γ)/ ∩ki=1 Stab(γi).
When F is a symmetric function, we can define
Fγ :Mg,n → R
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Fγ(X) =
∑
∑
k
i=1 ciαi∈Modg,n ·γ
F (c1ℓα1(X), . . . , ckℓαk(X)).
Then it is easy to check that
(2.5) FΛ(X) = Sym(γ) · Fγ(X),
where Λ = (c1γ1, . . . , ckγk).
The following result will allow us to calculate the integral in Theorem 2.3 [M2],
[M3]:
Theorem 2.4. The volume Vg,n(L1, . . . , Ln) = Volwp(Mg,n(L)) is a polynomial
in L1, . . . , Ln; namely we have:
Vg,n(L) =
∑
α
|α|≤3g−3+n
Cα · L 2α,
where Cα > 0 lies in π
6g−6+2n−|2α| ·Q.
2.8. Measured laminations. The space of measured laminations MLg,n is the
completion of the space of weighted simple closed curves on a hyperbolic surface of
genus g with n boundary components. A geodesic measured lamination λ consists
of a closed subset of X foliated by complete simple geodesics and a measure on
every arc k transverse to λ. For understanding measured laminations, it is helpful
to lift them to the universal cover D of X. A directed geodesic is determined by
a pair of points (x1, x2) ∈ S∞ × S∞ − ∆, where ∆ is the diagonal {(x, x)}. A
geodesic without direction is a point on J = (S∞× S∞−∆)/Z2, where Z2 acts by
interchanging coordinates. Given a measured geodesic lamination λ, the preimage
of of its underlying geodesic laminationA ⊂ D is decomposed as a union of geodesics
of D. Unless λ is a union of simple closed curves, the complementary regions are a
union of polygons. Therefore geodesic laminations on two homeomorphic hyperbolic
surfaces can be compared by passing to the circle at infinity, and the notion of a
measured lamination only depends on the topology of the surface X.
The weak topology on measures induce the measure topology on the space of
measured laminations; in other words, this topology is induced by the weak topology
on the space of measured on a given arc which is transverse to each lamination from
an open subset of MLg,n.
For two simple closed curves γ1, γ2 the intersection number i(γ1, γ2) is the min-
imum number of points in which representatives of γ1 and γ2 must intersect. In
fact, the intersection pairing extends to a continuous map
i :MLg,n ×MLg,n → R≥0.
The space of measured laminations on Sg,n is a piecewise integral linear manifold
homeomorphic to R6g−6+2n andR+ acts naturally onMLg,n.However,MLg,n does
not have a natural differentiable structure.
The integral points in MLg,n are in one to one correspondence with integral
multi curves on Sg,n. As a result MLg,n carries a mapping class group invariant
volume form VolTh satisfying the following properties:
• For any open subset U ⊂MLg,n we have
VolTh(t · U) = t6g−6+2n VolTh(U).
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• For any bounded set U ⊂MLg,n, #|{α ∈ U is an integral multi curve }| <
∞. Moreover, if U is convex (in a train track chart) then as L→∞
(2.6)
#|{α | α ∈ L · U is an integral multi curve }|
L6g−6+2n
→ VolTh(U).
See [T2] and [HP] for more on the space of measured laminations.
2.9. Length function and right earthquake flow. For any simple closed ge-
odesic α on X ∈ Tg,n(L) and t ∈ R, we can deform the hyperbolic structure as
follows. We cut the surface along α, twist α distance t to the right, and reglue
back. Let us denote the new surface by twtα(X). As t varies, the resulting contin-
uous path in Teichmu¨ller space is the Fenchel-Nielsen deformation of X along α.
For t = ℓα(X), we have
(2.7) twtα(X) = hα(X),
where hα ∈ Mod(Sg,n) is the right Dehn twist about α. We remark that the notion
of right and left only depend on the orientation of the underlying surface.
By Wolpert’s result (Theorem 2.2), the vector field generated by twisting around
α is symplectically dual to the exact one form dℓα. Recall that both the length
function and the twisting deformation are extended by homogeneity and continuity
on MLg,n [Ker2], [T2], [T3]. More precisely, there is a continuous map
L :MLg,n × T → R+,
defined by
L(λ,X) = ℓλ(X)
where ℓλ(X) is the length of the lamination λ on X .
Similarly, the right earthquake deformation is the extension of the right twist
deformation for a general lamination such that
twtr·η(X) = tw
r·t
η (X).
In other words, twtλ is the limit of time t twist deformation of any sequence {riγi}
converging to λ in MLg,n.
Any smooth function H on a symplectic manifold (M,ω) gives rise to a vector
field XH satisfying
ω(XH , Y ) = dH(Y ).
It is easy to check that the Hamiltonian flow of the function H generated by the
vector field XH preserves both H and ω. See [Ker2] for more details.
Theorem 2.5 (Wolpert). The earthquake flow along λ, twtλ is the the Hamiltonian
flow of the length function ℓλ. Therefore, for λ ∈ MLg,n the flow twλ is volume
preserving.
Let Eλ(X) ∈ TXTg,n denote the tangent vector to the right earthquake path
along λ at X ∈ Tg,n. By Theorem 2.5, ω(Eα, ·) = dℓα. Also, the following result
holds [Ker2]:
Theorem 2.6. Let X ∈ Tg,n. Then the map E :MLg,n → TTg,n(X) defined by
λ→ Eλ(X)
is a homeomorphism.
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In other words, every tangent vector in Tg,n is tangent to a unique right earth-
quake path in the Teichmu¨ller space.
Also, for any λ, η ∈MLg,n
(2.8) |ω(Eλ(X),Eη(X))| < i(λ, η).
Theorem 2.7 (Kerckhoff). For any X ∈ Tg,n, the function f(t) = ℓη(twtλ(X)) is
convex. Moreover, unless i(λ, η) = 0, f is strictly convex and lim
t→±∞
f(t) =∞.
2.10. Bundle of measured geodesic laminations. Let PTg,n =MLg,n × Tg,n
be the bundle of geodesic measured laminations over Tg,n. Let P1Tg,n, the unit
sub-bundle for the norm
‖ (λ,X) ‖= ℓλ(X),
and finally, P1Mg,n[Γ] = P1Tg,n/Γ. Then Thurston’s earthquake flow on PTg,n is
defined at time t by
twt(X,λ) = (twtλ(X), λ).
2.11. Ergodic properties of the earthquake flow. First, we sketch the con-
struction of an invariant measure νg,n[Γ] for the earthquake flow on P1Mg,n[Γ] in
the Lebesgue measure class. Consider the Thurston volume form VolTh onMLg,n,
and the Weil-Peterson volume form µwp on the Teichmu¨ller space. It is known that:
• Fixing λ and t ∈ R, by Theorem 2.2 the map
twtλ : Tg,n → Tg,n
is the Hamiltonian flow of the length function of λ. Therefore, this map
preserves the Weil-Petersson volume.
• The Thurston volume form is mapping class group invariant [HP].
Therefore, µTh × µwp gives rise to a mapping class group invariant measure on
MLg,n × Tg,n which is invariant under the earthquake flow. On the other hand,
the length function
L :MLg,n × Tg,n → R+,
defined by L(λ,X) = ℓλ(X) is invariant under the earthquake flow and the action
of the mapping class group. Now we define νg,n[Γ] to be the measure induced by
µTh × µwp on P1Mg,n[Γ]. In other words, any point X ∈ Tg,n defines a measure
νX on PMLg,n such that for A ⊂ PMLg,n, we have
νX(A) = VolTh({λ | [λ] ∈ A, ℓλ(X) ≤ 1}),
with respect to the Thurston volume form on MLg,n. It is easy to check that
{νX}X∈Tg,n is mapping class group invariant; namely, for any h ∈ Modg,n, νh·X(h ·
A) = νX(A).
TheWeil-Petersson volume form onMg,n[Γ] and the family {νX}X∈Tg,n of measures
on PMLg,n combine to give the invariant measure νg,n[Γ]. The measure νg,n[Γ] is
a finite invariant measure for the earthquake flow on P1Mg,n [M1]. In fact, by the
definition, the measure νg,n projects to the volume form given by B(X) · µwp on
Mg,n[Γ], where
B(X) = νX(PMLg,n) = VolTh({λ | ℓλ(X) ≤ 1}).
Thus we have
νg,n[Γ](P1Mg,n[Γ]) = [Modg,n : Γ]×
∫
Mg,n
B(X)µwp <∞.
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In [M1], we establish a relationship between the earthquake flow and the Te-
ichmu¨ller horocycle flow on the moduli space QMg,n of meromorphic quadratic
differentials with simple poles at n poles, and obtain the following result:
Theorem 2.8. The earthquake flow on P1Mg,n[Γ] is ergodic with respect to the
Lebesgue measure class.
Remark. The main reason this result holds is that the Lebesgue measure is ergodic
for the horocycle flow in the finite cover of Q1Mg,n. This is a corollary of the proof
of this result due to Masur [Mas85].
2.12. Non Divergence of the Earthquake flow. Given ǫ > 0, consider the set
Kǫ defined by
(2.9) Kǫ = {X | for every simple closed geodesic γ, ℓγ(X) > ǫ}.
By Mumford’s criterion, K ⊂ Mg,n is compact if and only if for some ǫ, we have
K ⊂ Kǫ.
Here we recall results of Minsky and Weiss [MW] on non-divergence of the earth-
quake flow on the bundle P1Mg,n of geodesic laminations. This result parallels
important result in the homogeneous setting that there are no divergent orbits for
unipotent flows [Dani], [Dani].
Following [MW], given y ∈ Tg,n, and λ ∈ MLg,n, define ǫγ(y, λ) and t0(y, λ), by
ǫγ(y, λ) = Mint∈R ℓγ(tw
t
λ(y)),
ǫγ(y, λ) = ℓγ(tw
t0(y,λ)
λ (y)).
Also, for any ǫ > 0 and compact subset K, there is a (larger) compact subset
K ′ such that for every p ∈ K and every T > 0 we have
AvgT,p(K
′) ≥ (1− ǫ).
See Theorem E1 of [MW].
Note that by Theorem 2.7, when i(γ, λ) 6= 0, t0 is uniquely determined by the
second equation. Also, let J(ρ) = {t | ℓγ(twtγ(y)) ≤ ρ}. Note that J(ρ) also depends
on y, γ and λ. As in Lemma 5.2 of [MW], one can control the growth of the length
of γ when t is close to t0 as follows. There are constants ρ and C such that for any
y ∈ Tg,n, and t ∈ J(ρ), we have
i(γ, λ) |t− t0| − Cǫγ ≤ ℓγ(t).
As a result the following theorem holds [MW]:
Theorem 2.9. For any ǫ, there exists a compact set K ⊂Mg,n such that for any
(λ,X) ∈ PMg,n exactly one of the following holds:
(1)
lim inf
T→∞
|{t ∈ [0, T ] | twtλ(X) ∈ K}|
T
> 1− ǫ,
(2) There is a simple closed curve γ such that the function f(t) = ℓγ(tw
t
λ(X))
is equal to a constant smaller than ǫ.
We remark that by Theorem 2.7, the second case holds if and only if i(λ, γ) = 0
and ℓγ(X) ≤ ǫ.
Next, we apply this result for a connected multi curve γ ∈ MLg,n(Z). In this
case, given Y ∈ Tg,n the path twtγ(Y ) projects to a closed curve in Mg,n. Thus we
obtain:
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Corollary 2.10. For any δ > 0, there exists ǫ > 0 such that for any X ∈ Tg,n and
γ ∈ MLg,n(Z), exactly one of the followings hold:
(1) There is a simple closed curve β, such that i(β, γ) = 0, and ℓβ(X) < ǫ
(2)
|{t ∈ [0, ℓγ(X)] | twtγ(X) ∈ Kǫ}|
ℓγ(X)
> 1− δ,
where Kǫ is defined in equation (2.9).
3. Example of once punctured torus and Markoff triples
In this section, we give a brief overview of the counting problem on a one-holed
torus. We recall that a Markoff triple is a solution (p, q, r) of the Markoff equation
p2 + q2 + r2 = 3pqr
Let MN be the set of Markoff triples where p, q, r ∈ N. One can use the norm
H(p, q, r) = p+ q + r
or
|(p, q, r)| = max{p, q, r}
to measure the size of a Markoff triple. Given a Markoff triple, one can obtain a
new Markof triple by
(***) (a, b, c)→ (a′, b, c), (a, b, c)→ (a, b′, c), (a, b, c)→ (a, b, c′),
where a′ = 3bc−a, b′ = 3ac− b, and c′ = 3ab− c.Markoff showed that any Markoff
triple in MN could be obtained from (1, 1, 1) by applying the moves above.
The growth of the set
MN(x) = {(p, q, r) ∈MN | |(p, q, r)| ≤ x}
was first obtained by Zagier [Z]: there exists C > 0 such that as x→∞
(3.1) #(MN(x)) = C (log(x))
2 +O(log(x)(log(log(x)))).
The related problem of the growth of the set
N(x) = (0, x] ∩
⋃
(p,q,r)∈MN
{p, q, r}
was also studied by McShane and Rivin [MR]. See also [ES].
Simple length spectrum of hyperbolic once punctured tori. It is known
that the solutions of the Markoff equation are closely related to the geodesic lengths
of simple closed curves on hyperbolic once punctured tori [C]. The main idea behind
this correspondence is using trace identities in SL2(R) discussed in §2.1
As before, let S1,1 be a compact oriented surface of genus one with one boundary
component. Let (α, β, γ) be a triple of simple closed curves on S1,1 such that
i(α, β) = 1 and γ = hα(β). Then there exists a hyperbolic once punctured torus
X0 ∈ T1,1 such that the map
Mod1,1 ·(α, β, γ)→MN
(α′, β′, γ′)→ (cosh(ℓα′(X0)/2), cosh(ℓβ′(X0)/2), cosh(ℓγ′(X0)/2)),
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is a one to one correspondence. The surface X0 is the unique once-punctured torus
which is produced by a the commutator of the modular group. This surface has
the longest systole and even has maximal lengths in T1,1 [Sc].
In fact, Markoff moves correspond to the action of Dehn-twists on the pairs
(α, β, γ). The acton of SL(2,Z) on MN is so that the(
1 0
1 1
)
,
(
1 0
−1 1
)
,
(
0 1
0 −1
)
correspond to the three Markoff moves sending (x, y, z) to (x,−z−xy, y), (z, y,−x−
yz) and (x, y,−z − xy).
Following the discussion in Remark 1 in §1.2, by applying (1.2) in this case, we get:
Corollary 3.1. Let Γ0 be a finite index subgroup of SL2(Z). Then we have
(3.2) #(Γ0 · (1, 1, 1) ∩MN(x)) ∼ B · (log(x))2 × [Mod1,1 : Γ0],
as x→∞. Here B is a constant independent of Γ0.
Character Variety of S1,1. One can consider the variety V (κ) defined by the set
of triples (x, y, z) satisfying
(3.3) κ = x2 + y2 + z2 − xyz − 2
in R3. As before, the mapping class group Mod1,1 acts on this set by Markoff moves
given by (∗ ∗ ∗). Note that for equation (3.3) parametrizes the character variety of
one holed torus with a boundary component. By work of Goldman [G4] this action
on each connected component of V (κ) defined by (3.3) is either properly continuous
or ergodic.
For κ < −2, the variety V (κ) parametrizes the moduli spaces of hyperbolic
surfaces of genus one with one geodesic boundary component: the representations
corresponding to hyperbolic structures give rise to contractible connected compo-
nents. On the other hand, representations which map a simple closed curve to an
elliptic element define an open subsets of on which Mod1,1 acts ergodically. See the
appendix in [G4] and references within for more details.
We remark that he main counting result in this paper (Theorem 1.1) holds for
the solutions of (3.3) corresponding to hyperbolic surfaces of genus one with one
geodesic boundary component.
Remark. Similarly, the equation
x2 + y2 + z2 + xyz = Ax+By + Cz +D,
where A = ab+ cd, B = bc+ ad, C = ac+ bd, and D = 4− a2− b2− c2− d2 − abcd
correspond to the character variety of four holed spheres. See [G6] for more details.
In fact, one can give a parametrization of other Teichmu¨ller spaces in terms of
lengths of simple closed curves by degree two equations.
Recall that by work of Nielsen, the mapping class group is isomorphic to the outer
automorphism group Out(π1(Sg,n)) and acts on the space of equivalence classes of
representations π1(Sg,n) → G. Even in case G = SL(2,C) the dynamics of this
action is very rich and interesting.
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4. Piecewise linear behavior of the length of a closed curve on Tg,n
Let P̂ be a marked pants decomposition of Sg. Consider the Fenchel-Nielsen
coordinates on Tg,n (discussed in §2.6).
The main result of this section is the following statement:
Theorem 4.1. Let γ be a closed curve on Sg,n. The length function
ℓγ : Tg,n → R+
X → ℓγ(X)
is an asymptotically piecewise linear function of rational type with respect to the
Fenchel-Nielsen coordinates.
Roughly speaking, the statement implies that far away from finitely many ra-
tional hyperplanes, ℓγ asymptotically behaves like a linear function with rational
coefficients. However, we remark that the set of problematic hyperplanes would de-
pend on γ: we expect this set to grow if we consider γ with more self-intersections.
Example. In the case of once punctured torus, let P = {α} and γ be a simple
closed curve i(γ, α) = 1. Then for any X ∈ T1,1 we have
(4.1)
cosh(ℓγ(X)/2) = cosh(τα(X)/2) sinh(ℓα(X)/2)
−1 ×
(
1 + cosh(ℓα(X))
2
)1/2
.
See the discussion in §4.2.
The proof of Theorem 4.1 is straightforward.
First, we will define the notion of asymptotically piecewise linear and give a few
examples.
4.1. Main Definitions. Let C be a closed cone in Rm. We say F : C → R
is asymptotically linear with respect to coordinates x1, . . . , xm iff there are linear
functions R1, .,Rm′ and L : Rm → R such that
F (x, . . . , xm)− L(x1, . . . , xm)→ c
uniformly as min{Ri(x1, . . . , xm)}m′i=1 →∞, where c ∈ R.
Note that there is no restriction on F close to the hyperplanes defined by R1 =
0, . . . ,Rm′ = 0.
We say F : C → R is asymptotically unbounded with respect to coordinates
x1, . . . , xm iff iff there are linear functions R1, .,Rm′ and L in x1, . . . , xm such that
F (x, . . . , xm)→∞
uniformly as min{Ri(x1, . . . , xm)}m′i=1 →∞. Note that in general the linear function
L could be the zero function on some cones and an asymptotically piecewise linear
does not have to be unbounded.
We say F is asymptotically piecewise linear iff there are linear functionsW1, . . . ,Wk
such that for any ǫ = (ǫ1, . . . , ǫk), ǫi = 1 or −1, the restriction of F on each sub
cone defined by Cǫ = {x | Sign(Wi(x)) = ǫi} is asymptotically linear. We say F is
of rational type if R1, .,Rm′ , W1, . . . ,Wk and L can be chosen to all have rational
coefficients.
We say F is Strongly asymptotically piecewise linear if log(sinh(F (x1, . . . , xm))
is asymptotically piecewise linear.
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4.2. Examples and basic observations. Before proving the main result, we state
some simple observations on the properties of asymptotically piecewise linear func-
tions.
1. A simple example of an strongly asymptoticly linear function on R+ = {x | x >
0} is F1(x) = Arccosh(ex). This is simply because for z > 0, 0 < Arccosh(z) −
log(z) < log(2) and limz→∞ Arccosh(z)− log(z) = log(2). It is easy to see that the
convergence is uniform. On the other hand, as z → 0, Arccosh(1 + z) behaves like√
z: more precisely, we have
lim
z→0
log(Arccosh(1 + z))− log(z)/2− log(2)/2
z
= −1/12.
As a result f(x) = Arccosh(1 + ex) is strongly asymptotically linear on R.
Note that log( e
x
ey+ex ) is asymptotically piecewise linear, but not asymptotically
unbounded as it is bounded on the cone {(x, y) | x > y}.
One can check that F (x, y) = Arccosh(ey − ex) is asymptotically linear on the
cone C = {(x, y) | 0 < x < y}: in this case, L(x, y) = y, and R(x, y) = y − x.
Similarly
H(x, y) = Arccosh
(
ey − (ex + ey)1/2
(1− 2e−x)1/2 − (1− 3e−y)1/3
)
is asymptotically linear on any cone in R2 where it is defined.
2. Let Rk = {(x1, . . . , xk)| xi ∈ R}. Define ei : Rk → R by ei(x) = exi . Let
Fk to be the smallest family of functions Rk → R containing the functions ei for
1 ≤ i ≤ k such that the following holds. For any two f, g ∈ Fk and m ∈ N we have
{f + g, f − g, f × g, f
g
, f1/m} ⊂ Fk.
Note that Fk can be naturally embed in Fk+1. Define
(4.2) F =
⋃
k≥1
Fk.
One can easily check that for any P ∈ Fk
F : Rk → R
(4.3) F (x) = Arccosh(P (x))
is asymptotically piecewise linear on any cone where it is defined. Let F1, . . . , Fk
be functions in Fk. Define
G(x) = F (F ′1(x), . . . , F
′
k(x)),
where F ′i (x) = Arcsinh(Fi(x)) or F
′
i (x) = Arccosh(Fi(x)). Then G ∈ Fk; this is
simply because
eArccosh(x) = x+
√
x2 − 1 , and eArcsinh(x) = x+
√
x2 + 1.
Hence, in view of (4.3), Arccosh(G(x)) is also asymptotically piecewise linear on
any cone where it is defined.
More generally, let A be the family of functions G : Rm → Rm such that for
each 1 ≤ i ≤ m, we have
cosh(πi(G)) ∈ F or sinh(πi(G)) ∈ F .
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Here π : Rm → R→ R is the natural projection map to the ith coordinate.
Then it is easy to check that:
Lemma 4.2. We have
• Any function G ∈ A is asymptotically piecewise linear.
• the coefficients of the linear functions approximating G ∈ A are in Q.
• The composition G1 ◦G2 of any two maps in A is again in A.
3. One can check that if G1(x) and G2(x) are strongly asymptotically piecewise
linear in C then G(x) = log(1 + sinh(G1(x)× sinh(G1(x)) is also strongly APL.
Let G1, G2, G3 be strongly APL and let ε ∈ {+1,−1}. Then
G(x) = Arccosh(2 cosh(G1(x)) · cosh(G2(x)) + ε× cosh(G3(x))
is also asymptotically piecewise linear on any cone where it is defined.
4.3. Outline of proof of Theorem 4.1. One can prove this result using trace
identities or explicit calculations of ℓγ in terms of Fenchel-Nielsen coordinates [O1].
However, here we prove the statement in 2 steps. Some of the results obtained in
the process might be of independent interest.
I. First we prove the result for the case when γ does not have self-intersections
(see Proposition 4.3). In this case, γ can be extended to a pants decomposition
P ′ of Sg,n. An elementary move on a pants decomposition is replacing only one
curve α in P by another curve β disjoint from all other curves in P which has the
minimum number of intersections with α: if there there are two pants containing
α, this number is 2 and otherwise, it is 1. Following work of Hatcher and Thurston
[HT], given P and P ′, one can obtain P ′ from P by doing finitely many elemen-
tary moves. One corollary of our proof is that the change of coordinates on Tg,n
from P to a different pants decomposition P ′ is asymptotically piecewise linear.
We use work of Hatcher and Thurston to get this result by only doing the calcu-
lations in four holed spheres and one hold tori with geodesic boundary components.
II. In view of some observations in §4.2, the result for an arbitrary connected closed
curve is obtained by induction on the number of self intersections and trace iden-
tities (see Lemma 4.8).
First we prove:
Proposition 4.3. Let P and P ′ be two marked pants decompositions of Sg,n. The
map
R
3g−3+n
+ × R3g−3+n → R3g−3+n+ × R3g−3+n
(*) (l, t)→ FNP′(FN−1P (l, t))
is asymptotically piecewise linear.
Remarks.
1. This can be proved by using the calculation in [O1] (see also [ALPS1]): one can
easy check that the length and twisting are both given in terms of functions of type
(4.3). However we give a different proof as the local calculation we do will be useful
COUNTING MAPPING CLASS GROUP ORBITS ON HYPERBOLIC SURFACES 23
for us later.
2. By results in [ALPS1] the map in (∗) is not Lipschitz with respect to natural
distance function on Tg,n defined by P and P ′.
4.4. Trigonometry of pairs of pants and right-angled hexagons. Recall that
for each triple (x, y, z), there is a unique pair of pants with these boundary lengths.
One can obtain a hyperbolic pair of pants with geodesic boundary components by
gluing identical right angled hexagons. Following [Bu] (§3) let H be a right-angled
geodesic hexagons with consecutive sides a, c˜, b, a˜, c, b˜. Then, we have
1. If H is convex, we have
(4.4) cosh(c) =
cosh(c˜) + cosh(a˜) cosh(b˜)
sinh(a˜) sinh(b˜)
,
and
2. If H has intersecting sides c and c˜ we have
(4.5) cosh(c˜) = sinh(a˜) sinh(b˜) cosh(c) + cosh(a˜) cosh(b˜).
See [Bu] for more details.
One can easily check that c˜ < a˜+ b˜+ c. Note that this inequality is not sharp as
c˜ can be much smaller than a˜+ b˜.
However, it is important for us to obtain bounds on c˜ − c in terms of a˜ and b˜.
Note that if c˜ and c intersect, then a˜ ≤ c˜ and b˜ ≤ c˜. The following elementary
lemma will be used in the proof of Lemma 4.9:
Lemma 4.4. There exists c0 > 0 such that for any right-angled hexagon H with
consecutive sides a, c˜, b, a˜, c, b˜, the followings hold.
(1) If the sides c and c˜ intersect (as in (4.5)),
c > 4max{− log(a˜)− log(b˜) + c0, c0} then we have:
(4.6) c˜ = c+ log(sinh(a˜)) + log(sinh(b˜)) +O(e−c/10),
(2) If the sides c and c˜ intersect, 1c0 > max{a˜, b˜}, and c˜ > 4max{− log(a˜) −
log(b˜) + c0, c0},
(4.7) c˜ = c+ log(sinh(a˜)) + log(sinh(b˜)) +O(e−c˜/10),
(3) If H is convex (as in (4.4)), c > 2(a˜+ b˜+ c0), and min{a˜, b˜} > c0 then we
have
(4.8) c˜ = c+ log(sinh(a˜)) + log(sinh(b˜)) +O(e−c˜/2).
Note that log(sinh(x)) ∼ x as x → ∞ and log(sinh(x)) ∼ log(x) as x → 0. For
the proof of Lemma 4.4 see §10.
We consider the function F1 : R
3 → R given by
(4.9) F1(x, y, z) = Arccosh(
cosh(z) + cosh(x) cosh(y)
sinh(x) sinh(y)
).
Note that by (4.4), F1(x, y, z) the length of the shortest path between α and β in
a pair of pants with boundary lengths ℓα = x, ℓβ = y and ℓγ = z.
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In view of §4.2 (5) this functions is strongly asymptotically PL in any cone inside
{(x, y, z)| 0 < x, 0 < y, 0 < z} where they are defined. We will also analyze the
asymptotic properties of F1 in §10.
Given ǫ > 0, define Bǫ(x, y, z) ⊂ R3+ to be the set of points (x′, y′, z′) such that
1
1 + ǫ
<
x
x′
< 1 + ǫ,
1
1 + ǫ
<
y
y′
< 1 + ǫ and
1
1 + ǫ
<
z
z′
< 1 + ǫ.
We will use the following statement in §4.9 to prove Lemma 4.9 which is essential
in §7:
Lemma 4.5. Let ǫ < 1. Then there exists L0 > 0 such that for any (x
′, y′, z′) ∈
Bǫ(x, y, z) with min{x, y, z} > L0 we have
| log(sinh(F1(x, y, z)))− log(sinh(F1(x′, y′, z′)))| ≤ 5ǫ×max{x, y, z}.
These statements are straightforward and elementary. For completeness we will
include the proof of Lemma 4.5 and Lemma 4.4 in §10.
4.5. Length functions in the case of one hold tori and four holed spheres.
As elementary moves discussed in §4.3 (see [HT]) are supported on one-holed torus
or four-holed spheres, here we will sketch the local calculation in these two cases.
Let
T0,4(ℓ1, ℓ2, ℓ3, ℓ4) = {(ℓ, τ)| 0 ≤ ℓ, τ ∈ R}.
Let Y = Y (ℓ1, ℓ2, ℓ3, ℓ4, ℓ, τ) denote the a hyperbolic sphere with 4 geodesic bound-
ary components of lengths ℓ1, . . . , ℓ4 obtained by gluing two pairs of pants with
boundary lengths ℓ1, ℓ2, ℓ and ℓ3, ℓ4, ℓ with gluing τ along the geodesic α of length
ℓ. Let γ be a closed curve intersecting α at 2 points.
Similarly, let T1,1(ℓ1) = {(ℓ, τ)| 0 ≤ ℓ, ℓ1, τ ∈ R}. Let X = X(ℓ1, ℓ, τ) denote the
a torus with one geodesic boundary components of lengths ℓ1 obtained by gluing
two edges of a pair of pants with boundary lengths ℓ1, ℓ, ℓ with gluing τ along the
geodesic of length ℓ. Let γ be a closed curve intersecting α at one points.
Then one can easily check:
Lemma 4.6. The maps
L0,4 : T0,4(ℓ1, ℓ2, ℓ3, ℓ4)→ R
(ℓ, τ)→ ℓα(Y (ℓ1, ℓ2, ℓ3, ℓ4, ℓ, τ))
and
τ0,4 : T0,4(ℓ1, ℓ2, ℓ3, ℓ4),→ R
(ℓ, τ)→ τα(Y (ℓ1, ℓ2, ℓ3, ℓ4, ℓ, τ))
are asymptotically piecewise linear and unbounded.
Lemma 4.7. Then
L1,1 : T1,1(ℓ1)→ R
(ℓ, τ)→ ℓα(X(ℓ1, ℓ, τ))
and
τ1,1 : T1,1(ℓ1)→ R
(ℓ, τ)→ τα(X(ℓ1, ℓ, τ))
are asymptotically piecewise linear and unbounded.
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One can prove both lemmas by direct calculation from [O1] (see also [ALPS1]).
Sketch of proof of Lemma 4.6 and Lemma 4.7. As in §3.3 in [Bu], one can use (4.5)
to calculate the length dτ : the arc perpendicular to α1 and α3 which is homotope to
the path a1, followed by inversely parametrized a2 after moving around α for length
τ. The length of a1 and a2 can be calculated using (4.4) The length of the closed
curve δ can be calculated using (4.4). The geodesic length of δ can be calculated
using
cosh(ℓδ/2) = sinh(x/2) sinh(y/2) cosh(dτ )− cosh(x/2) cosh(y/2).
See the proof of Proposition 3.3.12 in Buser’s book [Bu]. The exact calculation is
not important; here it is enough to note that following the discussion in §4.2(2),
we have
(4.10) {cosh(L0,4), cosh(τ0,4), cosh(L1,1), cosh(τ0,4)} ⊂ F .
Then the result follows from Lemma 4.2. We also need to show that τ1,1 and τ0,4
are asymptoticlly unbounded on any cone. This is a corollary of Wolpert’s result
(Theorem 2.2) for T1,1 and T0,4. In the case of four holed torus, this result states
that
R2 → R2
(ℓ, τ)→ (L0,4(ℓ1, ℓ2, ℓ3, ℓ4, ℓ, τ), τ0,4((ℓ1, ℓ2, ℓ3, ℓ4, , ℓ, τ))
is volume preserving.
✷
4.6. Proof of Theorem 4.3. By Hatcher-Thurston result, there exists a sequence
P0,P1, . . .Pk of pants decompositions such that P = P0 and P ′ = Pk and each Pi
is obtained from Pi−1 by an elementary move supported on a one-holed torus or a
four-holed sphere.
In view of Lemma 4.2, Lemma 4.6 and Lemma 4.7 imply that the map (∗) belongs
to the family in A. By Lemma 4.2 the map (∗) is asymptotically PL.
4.7. Proof of Theorem 4.1. In order to prove Theorem 4.1, it is enough to
consider resolutions of γ at a self intersection p. Note that for each p, γ has two
resolutions: one of them is connected and the other one is disconnected. See [G2].
We can then apply the following lemma (see [RY] and references within):
Lemma 4.8. Let γ be a closed curve on Sg,n with i(γ, γ) > 0. There are closed
curves γ1, γ2, γ3 such that i(γj, γj) < i(γ, γ) for 1 ≤ j ≤ 3 and for any X ∈ Tg,n we
have:
ℓγ(X) = 2Arccosh(2 cosh(ℓγ1(X)/2) · cosh(ℓγ2(X)/2) + ε cosh(ℓγ3(X)/2)),
where ε ∈ {1,−1}.
One can obtain γ1, γ2 and γ3 by resolving one self intersection of γ and using the
trace formula for matrices in SL(2,R). However we have to be careful about signs.
If α has only one self intersection, γ1, γ2 and γ3 form a pair of pants containing
γ (see also [R2]). Then ε is equal to −1 if γ contains a geodesic triangle at p (see
[RY] for more details).
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4.8. Remark on non-filling closed curves. Given γ ∈ π1(Sg,n), let
S(γ) = {α, simple closed curve | Stab(γ) · α = α, i(α, γ) 6= 0}.
We also consider subsurface (with boundary) S(γ) such that γ is filling in S(γ).
The subsurface S(γ) is the subsurface we get by considering a small neighborhood
of γ. Then S(γ) consists of all the curves inside of S(γ).
If γ is filling curve then every simple closed curve on Sg,n is in S(γ). Also if
i(γ, γ) < 2, we have S(γ) = ∅. Also, Stab(γ) · β = β for every β ∈ S(γ).
Note that up to finite index, the group Stab(γ) is generates by twisting around
the curves not intersecting γ. Let S(γ) = ∪i∈IModgi,ni and ∂(S(γ)) = ∪j∈JTαj .
Then Stab(γ) is virtually the same as∏
i∈I
Modgi,ni ×
∏
j∈J
Tαj ,
where Tαj is the group generated by Dehn twists around αj ∈ ∂(S(γ)).
Let
Γγ = Stab(S(γ)).
In general, ℓγ is a well-defined on Tg,n/Γγ , and {Z ∈ Tg,n/Γγ , ℓγ(Z) ≤ L} has
finite Weil-Petersson volume.
To see this, we can choose P a pants decomposition of Sg,n such that ∂(S(γ)) ⊂
P . Let Pγ = P∩ Stab(γ) ⊂ P . Note that ℓγ(X) is independent of ℓα or twisting pa-
rameter around for α which does not intersect the surface S(γ). So ℓγ only depends
on the lengths and twists of curves in or on the boundary of S(γ). It is important
for us that Theorem 4.1 also holds for non-filling closed curves and even on Tg,n/Γγ ,
ℓγ is an asymptotically piecewise linear function in terms of {ℓα, τα}α∈Pγ .
4.9. Applications of local calculations. The calculation in the previous sub-
section would also imply the following lemmas which will be used in §7. The main
goal is to understand the shape of ball of radius ǫ with respect to the Thurston
distance function (defined in §2.4). In general, this can be complicated. However,
we prove the bounds we need by analyzing the case of T1,1 and T0,4.
Lemma 4.9. Let M > 1 and 0 < ǫ < 12·M3 . There exists L0 > 0 depending on
ǫ and M such that the following statement holds. Let α be a simple closed curve
disjoint from all the components {αi} of a four-holed sphere (resp. one holed torus).
Assume Y ∈ T0,4 (resp. T0,1) is such that for any boundary curve αi, we have
1
M
<
ℓα(Y )
ℓαi(Y )
< M,
and L = max{ℓαi(Y )}i > L0. Then we have :
1. There exists β with i(β, α) = 2 (resp. = 1 for T0,1) such that
ℓβ(Y ) ≤ 4L and ℓhkα(β)(Y ) ≥ (k − 2)ℓα(Y ),
for k ≥M.
2. For any Y ′ with dTh(Y, Y
′) < ǫ, we have
(4.11) |τα(Y )− τα(Y ′)| ≤ C ·M2 · ǫ× L,
where C is a constant independent of M , ǫ, Y, and Y ′.
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Here fix a notion of twisting on Y and measure τα(Y
′) the same way.
We prove Lemma 4.9 in §10 using Lemma 4.4 and Lemma 4.5.
We will also need the following Lemma in §9.4:
Lemma 4.10. Let α be a simple closed curve disjoint from all the components {αi}
of a four-holed sphere (resp. one holed torus). Let β be a simple closed curve on
Y with i(β, α) = 2 (resp. = 1 for T0,1) used for defining τα(Y ). Assume Y ∈ T0,4
(resp. T0,1) is such that for any boundary curve αi, we have ℓαi(Y ) > L0, and
ℓα(Y ) > L0. such that
ℓβ(Y ) ≤ L
Then we have
ℓβ(Y ) + L ≥ |τα(Y )| · ℓα(Y ),
where L = max{ℓαi(Y )}i ∪ ℓα(Y ).
Proof. By (4.5) d ≥ τ − 2L and by (4.4) ℓβ > d/2.
✷
As in the introduction, BP(M) ⊂ Tg,n is the set of points such that for all
α, β ∈ P we have ℓα(X)ℓβ(X) < M. Then in view of Lemma 4.9, we have:
Corollary 4.11. Let P be a pants decomposition on Sg,n, and ǫ,M > 1 with ǫ <
1
2M3 . There exists L0 > 0 such that the following holds. If X,X1 ∈ BP(M) ⊂ Tg,n
such that dTh(X,X1) < ǫ and LP(X) > 2M · L0 then
|ταi(X)− ταi(X1)| ≤ C M2ǫ× LP(X),
where LP(X) = max{ℓαi(X)}3g−3+ni=1 , and C is a constant independent of M , ǫ, X,
and X1.
This Corollary will be used later in §7. The important case for us is when M is
large but fixed and ǫ≪ 1/M.
Lemma 4.12. Let γ be a closed curve on Sg,n. Then for any closed curve β ⊂ S(γ)
and Z ∈ Tg,n we have
ℓβ(Z) ≤ cγ,β ℓγ(Z).
Moreover, let P = {α1, . . . , α3g−3+n} be a pants decomposition on Sg,n such that
∂(S)(γ) ⊂ P. Then for any α ∈ P with i(α, γ) 6= 0 we have
|τα(Z)| ≤ c′γ,P ℓγ(Z),
where the constant cγ,β depends on γ and β and c
′
γ,P only depends on γ and P .
Note that by the second part of this lemma, hmα (X) ∈ Bγ(L) for large m only if
ℓα(X) is much less than L.
We remark that the first part of this proposition can be done using Lemma 5.1
of [Ba]:
Lemma 4.13. Let γ be a filling closed curve on Sg,n and Z ∈ Tg,n. Then for any
simple closed curve β we have
ℓβ(Z) ≤ 1
2
ℓγ(Z)× i(γ, β).
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Remark. In case n = 0, one can consider the function
Hω(Y1, Y2) = i(Y1, Y2)
i(ω, Y1)× i(ω, Y2)
on P(G(Sg))× P(G(Sg)). Then
Hω(Y1, Y2) ≤ c(ω).
Note that by work of Thurston and Bonahon [Bo1] the intersection pairing is con-
tinuous and the space of projectivized geodesic currents is compact. On the other
hand, i(ω, Y ) is never zero. Hence, we have
Hω(Y1, Y2) ≤ c(ω).
We need the following weaker observation which holds for an arbitrary closed
curves on Sg,n:
Lemma 4.14. Let γ be a closed curve on Sg,n and β ∈ S(γ). There exists cβ,γ
such that
ℓβ(X) ≤ cβ,γ × ℓγ(X)
for X ∈ Tg,n.
Proof of Lemma 4.12. The first part of the lemma is a consequence of Lemma
4.14. In order to prove the second part, we consider the curve β defined by the
marked pants decomposition: this curve is transverse to α and disjoint from all other
closed curves in P . Let L is the maximum of lengths of boundary components (for
T0,1 or T0,4).
In view of Lemma 4.4 and Lemma 4.10 if τα > 5L, then the length of the
corresponding curve β is bigger than τα. Now the result follows from the estimate
obtained in the first part for β. ✷
5. General Estimates on the counting function
In this section, we obtain basic estimates on the distributions of lengths of closed
curves in a random long pants decompositions on a fixed hyperbolic surface X .
Some of these estimates might be of general interests for other problems. We
remark that the results do not use the ergodic properties of the earthquake flow/
horocycle flow. We use the results discussed in §2.7 instead.
Lemma 5.1. Let P = {α1, . . . , α3g−3+n} be a pants decomposition on Sg,n and
X ∈ Tg,n. There exists C(X) such that for any m = (m1, . . . ,m3g−3) we have
|{g · P |ℓg·P(X) ≤ L, ℓα1 ≤
L
m1
, . . . ℓα3g−3+n ≤
L
m3g−3+n
}| ≤ CX L
6g−6+2n
m21 . . .m
2
3g−3+n
.
for L > L(m, X).
Proof. Here we obtain a bound for
F (X) = |{g · P | ℓg·α1 ≤ L1, . . . ℓg·α3g−3+n ≤ L3g−3+n}|.
In view of Theorem 2.3, we have∫
Mg,n
F (X)dX = L21 · · ·L23g−3+n.
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Now it is enough to find an embedded ball BX(ǫX) of radius ǫX around X (with
respect to the Thurston distance function). Note that in this ball
(1− ǫX) < ℓη(X)
ℓη(Y )
< (1 + ǫX).
Therefore,
(1− ǫX) < F (X)
F (Y )
< (1 + ǫX).
As a result we get
|{g · P | ℓg·α1 ≤ L1, . . . ℓg·α3g−3+n ≤ L3g−3+n}| ≤ CXL21 . . . L23g−3+n.
One can check that the estimate works for
CX =
∏
α
1
ℓα(X)2
,
where the product is over the set of closed geodesics of length ≤ ǫ0 on X.
✷
Let P = {α1, . . . , α3g−3+n} be a pants decomposition on Sg,n. Let P [1] be the
set of simple closed curves η such that η only intersects one simple closed curve αi
in P , and i(η, αi) ≤ 2. Note that every simple closed curve η ∈ P [1] is in a once
holed torus or a four holed sphere bounded by some of the curves in P . However,
|P [1]| =∞. We prove:
Lemma 5.2. Let P = {α1, . . . , α3g−3+n} be a pants decomposition on Sg,n, and
X ∈ Tg,n. There exists C(X) such that
|{g · P | ℓg·P(X) ≤ L, ∃α ∈ P [1], ℓg·α(X) ≤ L
m
}| ≤ CX L
6g−6+2n
m
.
for L > L(W,X).
Given a connected simple closed curve on Sg,n, let hα ∈Modg,n denote the right
Dehn twist around α. Then as a simple corollary of Lemma 4.14, we have:
Lemma 5.3. Let Y ∈ Bγ(L) and α1, . . . , αk be simple closed curves in S(γ) such
that i(αi, γ) 6= 0. If hr1α1 · · ·hrkαk(Y ) ∈ Bγ(L), then for 1 ≤ i ≤ k
|ri| ≤ C L
ℓαi(Y )
,
where C = C(α1, ...αk, γ) is a constant independent of Y and L.
We also have:
Lemma 5.4. Let α ∈ S(γ) be a simple closed curve on Sg,n and X ∈ Tg,n. There
exists C(X) such that
{g · γ |ℓg·γ(X) ≤ L, ℓg·α(X) ≤ L
m
}| ≤ CX L
6g−6+2n
m
.
We will have the following simple consequence of Lemma 5.3:
Proposition 5.5. Let A = {Pk = {αi1, . . . , αi3g−3+n} be a sequence of pants de-
compositions on Sg,n such that
|{Pk ∈ A |ℓαi
k
(X) ≤ Li}|
L21 · · ·L23g−3+n
→ 0,
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as L→∞. Then
{g · γ |ℓg·γ(X) ≤ L,g · P ∈ A|
L6g−6+2n
→ 0
as g →∞.
Fix a small ǫ > 0 such that any two simple closed curves of length ≤ ǫ on a
hyperbolic surface are disjoint. Let
G(X) =
∏
ℓα(X)≤ǫ
1
ℓα(X)
.
One can easily check that G defines an integrable function on Mg,n with respect
to the Weil-Petersson volume form [M4]. Then we have the following bound on
sX(L, γ) on Tg,n :
Lemma 5.6. Given γ on Sg,n there exists Cγ such that for X ∈ Tg,n we have
sX(L, γ)
L6g−6+2n
≤ Cγ ×G(X).
Remarks. Lemma 5.3 and Lemma 5.6 are analogous to Lemma 5.8 and Theorem
5.4 in [ABEM]. Even though the setting is not the same, the ideas involved in the
proof are similar.
The bounds for the counting function sX(L, γ) were first obtained by Sapir [S1].
Here, the dependence in X is important for us. It is essential in [?] to bound
sX (L,γ)
L6g−6+2n by an integrable function overMg,n.
Proof of Lemma 5.6. To simplify the notation, here we assume that γ is filling.
Let P = {α1, . . . , α3g−3+n} be a pants decomposition of Sg,n.
There exists c1 = c1(γ,P) such that we can find X0 ∈Modg,n ·X with ℓγ(X0) ≤
c1, and for each 1 ≤ i ≤ 3g − 3 + n ℓαi(X0) ≤ c1.
Let g ∈ Modg,n be such that ℓγ(g−1 · X0) ≤ L. Then for 1 ≤ i ≤ 3g − 3 + n,
we have ℓαi(g
−1 ·X0)) ≤ c L. There is a natural map g · γ → g · P . However this
map is not one-to-one. The kernel of this map is generated by elements of the form
hr1α1 · · ·hrkαk . On the other hand The number of the elements of hr1α1 · · ·hrkαk(Z) in
Bγ(L) can be estimates by Lemma 5.3.
Let βi = g · αi and ki = 1 + [ταi(g ·X0)]−mi, where
mi = min{[ταi(g′ ·X0)] | g′ ·X0 ∈ Bγ(L), ∀i g′ · αi = g · αi}.
By Lemma 5.3, βg =
∑3g−3+n
i=1 ki · βi is an integral multi-curve of length ≤ c′L
on X. Moreover, by the definition βg uniquely determines g. Let bX(L) denote the
number of integral multi-curves of length ≤ L on X. In view of Proposition 3.6 in
[M4], for L ≥ 1 we have
sX(L, γ)
L6g−6+2n
≤ c′γ
bX(L)
L6g−6+2n
≤ Cγ G(X).
✷
6. Limiting distribution of projections of cones in Mg,n
Given a pants decomposition P , we consider
HLP = {X ∈ Tg,n |
3g−3+n∑
i=1
ℓαi(X) = L} ⊂ Tg,n.
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Then, the Weil-Petersson volume form induces a volume form on HLP . On the other
hand, for any finite index subgroup Γ ⊂ Modg,n the horosphere HLP projects in to
a closed subset of Mg,n[Γ] = Tg,n/Γ. In this section, we will study the asymptotic
distribution of subsets of HLP [Γ] in Mg,n[Γ].
We recall that µLP [Γ] defines a finite measure onMg,n[Γ] of total massMC,LP <∞.
The method used in [M5] imply that:
(6.1) µLP [Γ]/L
6g−7+2n → [Modg,n : Γ]× B(X)
bg,n
µwp,
as L→∞. Here, as before
(6.2) B(X) = VolTh({λ ∈ MLg,n, ℓλ(X) ≤ 1})
is a continuous proper map on Mg,n, and bg,n =
∫
Mg,n
B(X)dµwp(X).
In this paper, we need a slight generalization of (6.1). As before, we consider the
Fenchel-Nielsen coordinates on Tg,n defined by P . For m = (m1, . . . ,m3g−3+n) ∈
Z3g−3+n, define
(6.3)
CmP = {X | X ∈ Tg,n, ∀1 ≤ i ≤ 3g−3+n, mi·ℓαi(X) ≤ ταi(X) ≤ (mi+1)·ℓαi(X)}.
Note that the group generated by Dehn twists around α1, . . . , α3g−3+n is a finite
index subgroup of Stab(P) ⊂ Modg,n . Also, each CmP is a fundamental domain for
the action of this group. We fix a cone C ⊂ CmP with respect to Fenchel-Nielsen
coordinates. In this case the map HLP ∩ C →Mg,n[Γ] is generically one-to-one.
Let µC,LP [Γ] be the restriction of µ
L
P [Γ] to a Fenchel-Nielsen convex cone C.
Theorem 6.1. For any convex cone C ⊂ CmP we have:
µC,LP [Γ]
L6g−7+2n
→ [Modg,n : Γ] VC(L0)× B(X)
bg,n
µwp,
as L→∞.
Here L0 : C → R+ is defined by L0(X) =
∑3g−3
i=1 ℓαi(X).
6.1. Ideas of the proof of (6.1). We briefly recall the arguments in [M5] which
is basically Theorem 6.1 for C = CmP . A crucial role in the argument is played by
the dynamics of the earthquake flow on the bundle π : P1Mg,n[Γ] → Mg,n[Γ] of
measured geodesic laminations of length one. Given (λ,X) ∈ MLg,n × Tg,n, we
define twt(λ,X) = (λ, twtλ(X)). This flow generalizes the classical Fenchel-Nielsen
deformations around simple closed geodesics. The space P1Mg,n[Γ] carries a nat-
ural finite invariant measure νg,n[Γ] which projects to the volume form given by
B(X) · µwp onMg,n[Γ]. Hence νg,n[Γ](P1Mg,n[Γ]) = bg,n · [Modg,n : Γ]. See §2.11.
We can break the proof of the main result into four steps as follows.
1. First, we note that the measure µLP [Γ] is the push forward by a measure ν
L
P [Γ]
on P1Mg,n[Γ] of total mass MLP ; in other words, for any open set U ⊂ Mg,n[Γ],
we have
µLP [Γ](U) = ν
L
P [Γ](π
−1(U)).
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Moreover, it is easy from the definition that any weak limit of the sequence of mea-
sures νLP [Γ] is invariant under the earthquake flow.
2. Then as in Theorem 5.9 of [M5] implies that any weak limit of the sequence
{νLP [Γ]/MLP}L belongs to the Lebesgue measure class.
To understand the limiting behavior of this sequence, one can estimate the vol-
ume of small neighborhoods of P1Mg,n with respect to the measure νLP/MC,LP .
More precisely, we fix a compact set K ⊂ Mg,n, and show for any open set
U ⊂ PMLg,n ×K when L is large
(6.4) νC,LP (U)/M
C,L
P ≤ Cνg,n(U).
Here C is a constant depending only on K. To prove this claim first we show a
similar statement for µLP ’s. Given X ∈ K, and small ǫ > 0, we will define an open
set BX(ǫ) ⊂ Tg,n satisfying the following properties:
(1)
C2ǫ
6g−6+2n ≤ µwp(BX(ǫ)) ≤ C1ǫ6g−6+2n.
(2)
1
L6g−7+2n
µLP(BX(ǫ)) ≤ C3ǫ6g−6+2n.
Here C, C2 and C3 are constants depending only on K.
We prove that when L is large enough
(6.5)
νLP(V )
MLP
≤ C · νg,n(V ),
where V is a subset of the compact part of the moduli space, and C is a constant
independent of V.
The proof of equation (6.5) relies on estimates for the number of integral points in
the space of measured laminations, and known facts about convexity behavior of
geodesic-length functions along the earthquake paths [Ker1], [Wol2].
3. Using work of Minsky and Weiss [MW], we then show that any weak limit of
{νLP [Γ]/MLP}L is a probability measure; namely, there is no escape of mass to infin-
ity of the moduli space.
4. Finally, the ergodicity of the earthquake flow [M1] implies that νg,n[Γ]/bg,n is the
only earthquake flow invariant probability measure on P1Mg,n[Γ] in the Lebesgue
measure class. Therefore, as L→∞,
(6.6)
νLP [Γ]
MLP
→ νg,n[Γ]
bg,n
.
In order to prove (6.1) it is enough to note that in view of Theorem 2.2, we have:
Lemma 6.2. Fix a pants decomposition P on Sg,n and a rational cone C ⊂ Tg,n.
Assume that C ⊂ CmP for some m ∈ Z3g−3+n. Then there exists a rational number
CP,C > 0 such that as L→∞
MLP ∼ CP · Ldim(Tg,n)−1.
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6.2. Almost invariant measures for the earthquake flow. In order to prove
Theorem 6.1, we consider the set
HC,LP = {(
∑3g−3+n
i=1 αi
L
,X) | ℓP(X) = L,X ∈ C} ⊂ P1Tg,n.
We remark that
HC,LP ⊂ HLP = {(
∑3g−3+n
i=1 αi
L
,X) | ℓP(X) = L}.
Then the measure µC,LP on H
C,L
P , induces a measure ν
C,L
P supported on HC,LP .
The measure νC,LP is the restriction of ν
L
P to HC,LP .
By the definition, µC,LP [Γ] is the push forward of the measure ν
C,L
P under the
projection map
πΓ : P1Mg,n[Γ]→Mg,n[Γ].
In other words, for any open set U ⊂Mg,n,
(6.7) µC,LP [Γ](U) = ν
L
P [Γ](π
−1(U)).
Let
MC,LP = ν
L
P(P1Mg,n) = µLP(Mg,n).
Note that νC,LP [Γ] is not necessarily invariant under the earthquake flow. How-
ever, we have:
Lemma 6.3. Let P be a pants decomposition on Sg,n. Let C ⊂ CmP be a convex
cone in Tg,n with respect to the Fenchel-Nielsen coordinates. Then any weak limit
of the sequence {νC,LP [Γ]/MC,LP }L is invariant under the earthquake flow.
Proof. Note that for any X1 ∈ HP(1), we have:
t · twr(X1, α˜) = twt2·r(t ·X1, α˜/t).
where α˜ =
∑3g−3+n
i=1 αi.
Fix r > 0. It is easy to show that as
νC,LP ({v | v ∈ HCP(L), twr(v) 6∈ HCP(L)})
MC,LP
→ 0
as L→∞. This implies that any weak limit of the sequence is invariant under twr .
✷
We will show that any weak limit of the sequence { νC,LP /MC,LP }L is in the
Lebesgue measure class. As in §6.1 since the space Mg,n is not compact, the weak
limit of a sequence of probability measures need not be a probability measure; it is
possible that for a sequence µm → µ of probability measures onMg,n, µ(Mg,n) < 1.
In other words, we need to check that given δ > 0, there is a compact subset
Kδ ⊂ P1Mg,n such that
lim inf
L→∞
νC,LP (Kδ)
MC,LP
> 1− δ.
The results obtained in [MW] allows one to estimate the amount of time earth-
quake paths spend in the thin part of the moduli space. See §2.12.
Lemma 6.4. Any weak limit of the sequence {νC,LP [Γ]/MC,LP }L is a probability
measure in the Lebesgue measure class.
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Proof. It is enough to observe that there exists a constant depending only on P
and C such that
νC,LP [Γ]/M
C,L
P (U) ≤ CC × νLP/MC,LP (U)
for any open set U . Now the lemma follows from the same statements for νLP/M
C,L
P .
See (6.6) and also Theorem 5.9 and Theorem 5.11 in [M5].
✷
Proof of Theorem 6.1. Consider a weak limit ν˜ of the sequence νC,LP /M
C,L
P ;
namely,
νC,LiP /M
C,Li
P → ν˜,
as Li →∞. Then by Lemma 6.4, ν˜ is a probability measure in the Lebesgue measure
class. On the other hand, by Lemma 6.3 the limit measure is also invariant under
the earthquake flow. Hence, by the ergodicity of the earthquake flow (Theorem
2.8), we have
ν˜ =
νg,n
bg,n
.
Now the result follows from Lemma 6.2. ✷
6.3. Remark. We will need a slight generalization of Theorem 6.1 later in §9.4 for
dealing with the case that γ is not filling.
Let P be a pants decomposition of Sg,n and let S be a subsurface of Sg,n such
that ∂(S) ⊂ P . Let PS = P∩(S∪∂(S)) and ΓS = Stab(S). Then the space Tg,n/ΓS
has a parametrization by the length and twist around curves in PS.
The Weil-Petersson volume form induces a measure on
HLPS = {X |
∑
α∈PS
ℓα(X) = L} ⊂ Tg,n/ΓS.
One can similarly define CmPS and µCS,LPS .
Let CS ⊂ Tg,n/ΓS be a convex cone in CmPS .
Define L0 : CS → R+ is by L0(X) =
∑
α∈PS
ℓα(X). Following Theorem 2.4 and
Theorem 2.3 we have
MLPS ∼ CPS · Ldim(Tg,n)−1.
Then the proof of Theorem 6.1 implies that:
µCS,LPS
L6g−7+2n
→ VCS(L0)×
B(X)
bg,n
µwp,
as L→∞.
7. From equidistribution of horospheres to counting estimates
Let P be a pants decomposition of Sg,n and C ⊂ Tg,n be a cone in the Fenchel-
Nielsen coordinates For finite index subgroup Γ of Modg,n . Our goal is to under-
stand the asymptotics of the number of elements in
Γ ·X ∩ CL ⊂ Tg,n,
where
CL = {X ∈ C,L0(X) ≤ L},
and L0(X) =
∑3g−3+n
i=1 ℓαi(X). In this section, we will use the equidistribution
results obtained in §6 to prove the following result:
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Theorem 7.1. Let C ⊂ CmP for some m = (m1, . . . ,m3g−3+n) ∈ Z3g−3+n be a
convex cone. Then for any X ∈ Tg,n we have
(7.1) #({g ∈ Γ | g ·X ∈ CL}) ∼ [Modg,n : Γ]×VC(L0) ·B(X) · L6g−6+2n,
as L→∞.
As before VC = VC(L0) = Volwp(C+1 ) < ∞. Note that an arbitrary cone can be
decomposed into finitely many such cones as long as the ratios of τi(X)/ℓαi(X)
stays uniformly bounded on the cone.
We remark that in Theorem 7.1, there is no difference in the arguments for
general case of Γ and Modg,n . To simplify the notation, we present the argument
for Γ = Modg,n and comment on the general case in §7.3.
7.1. Basic Idea of proof of Theorem 7.1 and the Main Counting Lemma.
Let
µD,L+ =
∫ L
0
µD,tdt
L
,
where µD,t = µD,tP [Γ] as defined in §6 Consider the map π : Tg,n → Mg,n. Then
Wolpert’s theorem (Theorem 2.2) implies that:
Lemma 7.2. For any open set U ⊂Mg,n, we have
µD,L+ (U) = Volwp(π
−1(U) ∩DL).
Let X ∈ U. In view of Lemma 7.2, since the Weil-Petersson volume form is
invariant under the action of Modg,n we expect |Modg,n ·X ∩DL| × Volwp(U) to
be a good approximation of µD,L+ (U). The problem in this approach is taking care
of the edge effect: some parts of g ·U could be outside of DL and it is possible that
g · U ∩DL 6= ∅ but g ·X 6∈ DL.
However, if we consider the ball BX(ǫ) of radius ǫ with respect to the Thurston
distance function (§2.4), we can approximate the shape of g·BX(ǫ) using the results
of §4.9. The estimates hold as long as g ·X ∈ BP(M) and the lengths of all closed
curves in P are large enough on g ·X.
Here, as before,
BP(M) = {X | ∀1 ≤ i, j ≤ 3g − 3 + n , ℓαi(X)
ℓαj (X)
< M } ⊂ Tg,n.
Lemma 7.3. Let P be a pants decomposition of Sg,n and M > 0. For any convex
cone D ⊂ CmP , there exists L0 and ǫ0 such that the following holds. For any 0 <
ǫ < ǫ0 there are cones D
+(M, ǫ) and D−(M, ǫ) such that:
(1) D−(M, ǫ) ⊂ D ⊂ D+(M, ǫ),
(2) If Z ∈ D ∩ BP(M) such that LP(Z) > L0 and dTh(Z,Z ′) ≤ ǫ then Z ′ ∈
D+(M, ǫ),
(3) If Z ∈ D−(M, ǫ) ∩ BP(M) such that LP(Z) > L0 and dTh(Z,Z ′) ≤ ǫ then
Z ′ ∈ D, and
(4)
(1−C ǫM2)6g−6+2n < Vol(D
−
L (M, ǫ))
Vol(DL)
< 1 <
Vol(D+L (M, ǫ))
Vol(DL)
< (1+CǫM2)6g−6+2n
where C is a constant independent of M , ǫ and L.
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Proof of Lemma 7.3. Let P = {α1, . . . , α3g−3+n}. Let C be the constant in
Corollary 4.11. Then we can define
D+(M, ǫ) = {
3g−3+n∏
i=1
hriαi(Z) | Z ∈ D, |ri| ≤ CM2ǫℓαi(Z) },
and
D−(M, ǫ) = {Z |
3g−3+n∏
i=1
hriαi(Z) ∈ D ; ∀|ri| ≤ C M2ǫ ℓαi(Z) }.
Here hα(X) is the twisting of X around α as in (2.7).
Parts 2 and 3 are direct corollaries of Corollary 4.11. Finally, when ǫ is small
enough (depending on M and D) Part 4 is a consequence of Theorem 2.2.
✷
As a result, we get:
Proposition 7.4. Let C ⊂ C(m)P for some m = (m1, . . . ,m3g−3+n) ∈ Z3g−3+n. Let
Γ be a finite index subgroup of Modg,n and X ∈ Tg,n. Then for any M > 0 and
small enough ǫ (depending on M and X, Γ and C), we have:
(7.2)
µ
C−(M,ǫ),L
+ [Γ](BX(ǫ))−Volwp(CL−BP(M)) ≤ #(Γ·X ∩ CL)×Volwp(BX(ǫ))+R1(ǫ,M),
and
(7.3)
#(Γ ·X ∩ CL ∩ BP(M))×Volwp(BX(ǫ))−R2(X, ǫ,M) ≤ µC
+(M,ǫ),L)
+ [Γ](BX(ǫ)),
where the term R1(ǫ,M) and R2(X, ǫ,M) are independent of L.
Sketch of Proof of Lemma 7.4. The result follows from a simple estimate for the
Weil-Petersson volume of CL ∩ π−1(BX(ǫ)) and Lemma 7.3. Let L0 is the number
given by Lemma 7.3. Consider the function
R1(ǫ,M) = Volwp({Z | Z ∈ C , ∀αi ∈ P ℓαi(Z) ≤M · L0}).
Then in view of Lemma 7.2 the inequality (7.2) follows from Lemma 8.3, and part
(3) of Lemma 7.3. Also, define
R2(X, ǫ,M) = #({Z | Z ∈Modg,n ·X ∀αi ∈ P ℓαi(Z) ≤M · L0}).
Inequality (7.3) follows from Lemma 8.3, and part (2) of Lemma 7.3.
✷
7.2. Proof of Theorem 7.1. To simplify the notation, we present the proof in case
we have Γ = Modg,n, and |Aut(X)| = 1. Also for any cone D, let VD = VD(L0).
By Lemma 8.3, we have
Volwp(CL − BP(M)) = OX(L
6g−6+2n
M
).
On the other hand, following the general estimates proved in §5 (See Lemma 5.1
and Lemma 5.2), we have
#(Modg,n ·X ∩ (CL − BP(M)) = OX(L
6g−6+2n
M
).
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We can choose a subsequence {Lk}k with Lk →∞ as k →∞ and
lim
k→∞
#(Modg,n ·X ∩ CLk)
L6g−6+2nk
= a.
Our goal is to prove that a is independent of this subsequence. Note that by
Theorem 6.1 for any bounded cone D
(7.4) lim
L→∞
µD,L+ (BX(ǫ))
L6g−6+2n
= VD×Q(X, ǫ),
where
Q(X, ǫ) =
∫
BX (ǫ)
B(X)dµwp.
Fix 0≪M. Let ǫ≪ 1M . We can use (7.4) for C−(M, ǫ) and C+(M, ǫ). By (7.3) and
(7.2) we have
Q(X, ǫ)
Volwp(BX(ǫ))
×VC−(M,ǫ)−
C2
M
− lim
k→∞
R2(X,M, ǫ)
L6g−6+2nk
≤
≤ lim
k→∞
#(Modg,n ·X ∩ CLk)
L6g−6+2nk
≤
≤ Q(X, ǫ)
Volwp(BX(ǫ)) ×VC+(M,ǫ)+
C1
M
+ lim
k→∞
R1(ǫ,M)
L6g−6+2nk
where C1 and C2 are independent of M and ǫ.
Let ǫ→ 0. Then by part 4 of Lemma 7.3 we get
B(X)×VC −C2
M
− R(X,M, ǫ)
L6g−6+2nk
≤ lim
k→∞
#(Modg,n ·X ∩ CLk)
L6g−6+2nk
≤ B(X)×VC +C1
M
,
Now the result follows if we let M →∞. ✷
7.3. Comments on the general case. There is no difference in the proof for the
general case of Γ . The main ingredient of the proof is that the horocycle flow is
ergodic on the cover P1Mg,n[Γ] corresponding to any Γ.
8. Volume estimates
Let γ be a filling closed curve.
Bγ(L) = {X ∈ Tg,n, ℓγ(X) ≤ L}
is compact. It is easy to see that if γ is not filling Bγ(L) has infinite volume, as
Stab(γ) ⊂ Mod(Sg,n) is infinite.
Theorem 8.1. Let γ be a filling closed curve on Sg,n. As L→∞
Volwp(Bγ(L)) ∼ L6g−6+2nvγ .
More generally,
Volwp(Bγ(L)/ Stab(γ)) ∼ L6g−6+2nvγ
as L→∞. Moreover for any connected closed curve vγ ∈ Q
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In particular, for any γ closed cure in π1(Sg,n) we have∫
Mg,n
sX(L, γ)dX ∼ L6g−6+2nvγ ,
where the volume is taken with respect to the Weil-Petersson volume form. We
need the following lemma:
Lemma 8.2. Given a closed curve γ we have
Volwp(Bγ(L)/ Stab(γ)) < CγL
6g−6+2n.
Here the constant Cγ is independent of L.
This is due to Sapir [S1]. Here we sketch the proof for completeness.
Sketch of proof of Lemma 8.2. If i(γ, γ) 6= 0, it is enough to choose a subsurface
S(γ) such that γ is filling in S(γ). For every Z ∈ Tg,n, we can extend a pants
decomposition of S(γ) to a pants decomposition PZ of Sg,n such that for every
ℓαi(Z) < Cℓγ(Z),
where C is independent of Z. This is because every hyperbolic surface with geodesic
boundary components of total length L has a pants decomposition with closed
curves of length of order L. The subsurface S(γ) is bounded by curves S(γ). Then
for any α in the surface S(γ) or in S(γ) we have Stab(γ) ⊂ Stab(α). Now the lemma
follows from Theorem 2.2 and the proof of Lemma 4.12.
✷
We will also need the following straightforward corollary of Theorem 2.2:
Lemma 8.3. For any convex cone C ⊂ CmP and let W be a linear function in terms
of the Fenchel-Nielsen coordinates, {ℓi, τi}.
Volwp({X | W(X) ≤
√
L} ∩ CL)
L6g−6+2n
→ 0
Volwp(BcP ∩ CL)
L6g−6+2n
= O(
1
M
)
In other words, we have:
1− C1
M
≤ Volwp(CL ∩ BP(M))
Volwp(CL) ,
where C1 is independent of M and L.
Sketch of proof of Theorem 8.1. Let F be asymptotically linear approximated by
L in a cone C. Assume that Vol(F (x) ≤ L)/Lm is bounded. By the definition, we
can find {Ri}i and c > 0 such that the following holds: for every ǫ > 0, there exists
M(ǫ) > 0 such that if for all i, |Ri(x)| > M(ǫ), then
c− ǫ < F (x)− L(x) < c+ ǫ.
Therefore, in view of Lemma 8.3 we have
Vol(F (x) ≤ L)
Vol(L(x) ≤ L) → 1,
as L→∞.
If γ is filling, then the result follows since by Theorem 4.1, ℓγ is asymptotically
piecewise linear and the linear functions approximating ℓγ have rational coefficients
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and each cone is defined by finitely many rational linear functions. If γ is not filling,
as before §4.8 we choose a pants decomposition ∂(S) ⊂ P . Now in view of Theorem
2.4 the same argument works on Tg,n/Γγ .
✷
9. Proof of Theorem 1.1 and Theorem 1.2.
In this section, we prove the main results of this paper. We start with the proof
of Theorem 1.2 which is simpler.
9.1. Proof of Theorem 1.2. We consider the Fenchel-Nielsen coordinates corre-
sponding to P on Tg,n. Note that any CmP is a fundamental domain for the action
of Stab(P) on Tg,n.
Hence the following corollary of Theorem 7.1 is equivalent to Theorem 1.2. As
in the introduction, we have
∆ = {(x1, . . . , x3g−3+n)|
∑
xi = 1} ⊂ R3g−3+n+ .
Given A ⊂ ∆, let
ÂL = {(t · y1, . . . , t · y3g−3+n) |0 ≤ t ≤ L , (yi)i ∈ A }.
Corollary 9.1. Let X ∈ Tg,n, and P = {α1, α2, . . . , α3g−3+n} be a pants decompo-
sition of Sg,n. Let A ⊂ ∆. Then we have:
(9.1) #({g | (ℓg·αi(X))i ∈ ÂL}) ∼ [Modg,n : Γ]× c ·B(X) · L6g−6+2n,
as L→∞.
9.2. Idea of the Proof of Theorem 1.1. Similarly, we would like to approximate
the number of points
Modg,n ·X ∩ C ∩Bγ(L) ⊂ Tg,n,
using the results about the asymptotically linear behavior of ℓγ on Tg,n.
There are two main technical issues in this approach for provingTheorem 1.1:
I. In general, we do not know much about the linear functions approximating ℓγ
on Tg,n. We need the counting results in cones for asymptotically piecewise linear
functions (See Proposition 9.3). We will also need the following estimate:
Lemma 9.2. Let C ⊂ CmP for some m = (m1, . . . ,m3g−3+n) ∈ Z3g−3+n. Let L be a
linear function in terms of the Fenchel-Nielsen coordinates. Then for any sequence
ak → 0, we have
(9.2)
#({g ·X | g ∈Modg,n L(g ·X) ≤ ak · Lk} ∩ CLk)
L6g−6+2nk
→ 0,
as k →∞.
II. We need to use part (I) for infinitely many cones, as the counting results for
cones only holds for cones in Tg,n on which ℓα/τα for each α ∈ P is bounded
uniformly on C. The reason for the difference between this case and the case of
simple closed curves is that Stab(α) is large, but Stab(γ) is a finite group if γ is
filling.
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9.3. Part (I): Counting in one bounded cone. Let D be a cone in Rm =
{(x1, . . . , xm), xi ∈ R}. We consider the Euclidean volume form VolE is defined
using the form dx1 · · · dxm in D. We say a linear function L is of compact type in D
if VD(L) = VolE({x |x ∈ D,L(x) ≤ 1}) is finite. In this case {x | x ∈ D,L(x) ≤ 1}
has compact closure.
Let
P = {P1, . . . , Pm, . . .} ⊂ D
be a discrete set of points inside this cone. We say that P becomes equidistributed
with respect to the R-action on (D,L0) iff for any open set U ⊂ P(D), we have
|{P ∈ P |L0(P ) ≤ T, [P ] ∈ U}| ∼ cP,L0 × Tm × VD,U(L0)
as T → ∞. Here VD,U(L) = VolE({x |x ∈ D,L(x) ≤ 1, [x] ∈ U}) and and
cP,L0 ∈ R+ is independent of U . We will use the following elementary observation:
Proposition 9.3. In terms of the above notation, assume that the set P becomes
equidistributed with respect to the R-action on (D,L0). Then for any asymptotically
linear function F approximated by a linear function L of compact type, we have:
|P ∩ {F (x) ≤ T }| ∼ cP,L × Tm
as T →∞, where
cP,L
cP,L0
=
VD(L)
VD(L0) .
Sketch of Proof of Proposition 9.3. First, assume F = L is a linear function. The
main idea is to approximate the set {x ∈ D,L(x) ≤ 1} by pieces of the level sets
of L0; this way we can approximate {x ∈ D,L(x) ≤ L} by pieces of the form
{x ∈ D,L0(x) ≤ aiL, [x] ∈ Ui}, where
⋃
i Ui = P(D).
For the general case of asymptotically piecewise linear functions, we will use the
definition of asymptotically piecewise linear. Exactly as in the proof of Lemma 9.2,
for any linear function R and any sequence ak → 0, we have
(9.3)
#({P ∈ P | R(P ) ≤ ak · Lk} ∩DL0)
Lmk
→ 0,
as k→∞. Now we can use the argument in the proof of Theorem 8.1. ✷
Proof of Lemma 9.2 using Theorem 7.1. Given ǫ > 0, one can find a cone Cǫ
with V(Cǫ) < ǫ such that for k large enough we have
{g ·X | g ∈ Modg,n L(g ·X) ≤ ak · Lk} ∩ CLk ⊂ Cǫ.
Now in view of Proposition 9.3, the result follows from using (7.1) for Cǫ, and letting
ǫ→ 0. ✷
9.4. Proof of Theorem 1.1. First, to simplify the notation assume that γ is
filling. Fix X ∈ Tg,n, and let P be a pants decomposition of Sg,n. In view of
Proposition 9.3, Theorem 7.1 and Theorem 4.1 imply that for any m ∈ Z3g−3+n,
we have
(9.4)
#({g ∈ Γ | g ·X ∈ CmP , ℓγ(g ·X) ≤ L}) ∼ [Modg,n : Γ]× cγ,m B(X) · L6g−6+2n,
as L→∞.
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See (6.3).We remark that we need infinitely many of these cones of the form CmP
to cover Tg,n. However, we have the following:
Claim. If g ·X ∈ CmP with ℓγ(g ·X) ≤ L, then
ℓαi(g ·X) = OX(
L
mi
),
where m = (m1, . . . ,m3g−3+n) ∈ Z3g−3+n.
Let βΣ be the simple closed curve used for defining τα for each pair of pants
Σ in the pants decomposition of P . Then the claim follows from Lemma 4.10 and
Lemma 4.14.
On the other hand, since∑
m∈N3g−3+n.
1
m21
× . . .× 1
m23g−3+n
<∞,
in view of Lemma 5.1 we can use the dominated convergence theorem and (9.4) to
prove (1.2). Moreover, we have
nγ =
∑
m∈Z3g−3+n
cγ,m.
In particular, nγ is independent of X .
In view of Lemma 5.6, dominated convergence theorem implies that∫
Mg,n
lim
L→∞
sX(L, γ)
L6g−6+2n
dX = lim
L→∞
∫
Mg,n
sX(L, γ)
L6g−6+2n
dX.
On the other hand,∫
Mg,n
sX(L, γ)
L6g−6+2n
dX =
Volwp(Bγ(L))
L6g−6+2n
,
and Theorem 8.1 implies that nγ = vγ ∈ Q.
If γ is not filling, it is enough to choose P so that S = S(γ) ⊂ P as in §4.8.
For Γγ = Γ ∩ Stab(S), we can use the same argument to count the orbit Γ ·X on
Tg,n/Γγ . The result follows from the discussion in §6.3.
✷
9.5. Remark on the case of surfaces with geodesic boundary components.
The same proof works for hyperbolic surfaces with geodesic boundary components.
We remark that the ergodicity of the earthquake flow is proved in [M1] for cusped
surfaces however the same result holds for the moduli spaces of surfaces with ge-
odesic boundary components. Note that as in §2.3 there is a natural symplectic
form on Mg,n(L).
In fact, we don’t need the ergodicity of the earthquake flow in order to prove
Theorem 1.1. We do this just makes the proof simpler. Using the technical Lemmas
in §4.9, one would only need the ergodicity of Mod(S) onML(S) [Mas85]. The limit
measure in the proof of Theorem 6.1 is invariant under the horosphere foliation. For
more on the ergodic property of the action of the mapping class group on ML(S)
for any topological surface S with boundary components see [LMi].
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10. Appendix on Trigonometry of pairs of pants
In this section we use some elementary calculations and estimates on the trigonom-
etry of hyperbolic pairs of pants to prove Lemma 4.4, Lemma 4.5 and Lemma 4.9.
There is no new ideas involved, but we have included the details for completeness.
We will use the following elementary estimates in this section:
(10.1) Arccosh(1 +R) =
{ √
2R (1 +O(R)), if R < 1
log(2) + log(R) +O( 1R ) if R > 1
(10.2) log(sinh(R)) =
{
log(R) +O(R2) if R < 1
R − log(2) +O(e−R) if R > 1
and
(10.3) log(1 +R) = R +O(R2) if R < 1.
Proof of Lemma 4.4. Following (4.5) and (4.4), we have
cosh(c˜) = sinh(a˜) sinh(b˜) cosh(c) + ε cosh(a˜) cosh(b˜),
where ε = −1 iff H is convex and otherwise ε = 1.
We claim that c0 > 0 can be chosen so that in all the cases 1/2 < c˜/c < 2:
(1) Note that in part (1) and (2), we have
c < log(cosh(c)) + log(sinh(a˜)) + log(sinh(b˜)) < log(cosh(c˜)) < 2c˜.
Since c˜ < a˜+ b˜+ c, in part (2), c0 can be chosen so that we have c˜ < 2c.
(2) In part (3), we have
c˜
2
< c˜− a˜− b˜ ≤ c.
Moreover, in this case c0 can be chosen so that
c < 2c˜.
Let T = sinh(a˜) sinh(b˜) cosh(c) + ε cosh(a˜) cosh(b˜). Now, we can use (10.1) and
approximate c˜ = Arccosh(T ) by log(T ) with an error term of O(1/T ). Then c˜− c−
log(sinh(a˜))− log(sinh(b˜)) can be approximated by
log(1 + εe−c
cosh(a˜) cosh(b˜)
sinh(a˜) sinh(b˜)
).
Now in view of (10.3) the result follows since in all the cases we have
e−c × cosh(a˜) cosh(b˜)
sinh(a˜) sinh(b˜)
< e−c/2.
✷
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10.1. Asymptotic behavior of the function F1. Here we analyze the asymp-
totic behavior of F1(x, y, z) (defined by (4.9)) on R
3
+. These calculations will be
used in the proof of Lemma 4.9. We write
(10.4) F1(x, y, z) = Arccosh
(
1 +
2 ez−x−y + 2e−z−x−y + 2e−2x + 2e−2y
(1− e−2x)(1− e−2y)
)
.
We use the expansion of Arccosh(1 + R) at R = 0 and R = ∞ as in (10.1) to
investigate the asymptotic properties of F1(x, y, z).
We are interested in understanding the asymptotics of log(sinh(F1(x, y, z))). The
behavior of this function is different in different parts of the cone R3+.
Let
∆1 = {(x, y, z) | x+ y ≤ z, x, y, z ≥ 0},
∆2 = {(x, y, z) | |x− y| ≤ z ≤ x+ y, x, y, z ≥ 0},
and
∆3 = {(x, y, z) | z ≤ |x− y|, x, y, z ≥ 0}.
We define the piecewise linear function E : R3+ → R by
E(x, y, z) =


z − x− y if (x, y, z) ∈ ∆1
(z − x− y)/2 if (x, y, z) ∈ ∆2
−min{x, y} if (x, y, z) ∈ ∆3
Then we have:
Lemma 10.1. In terms of the above notation, there exist c0, c1 > 0 such that if
min{x, y, z} > c0, then we have
| log(sinh(F1(x, y, z)))− E(x, y, z)| ≤ c1.
Proof. Note that one can easily bound the denominator of (10.4) since for r >
log(2) we have
1 + e−r <
1
1− e−r < 1 + 2e
−r.
Next, we will find the dominant term in the numerator.
1. If x+ y ≤ z then 1 < Arccosh(2) ≤ F1(x, y, z). Then (10.1) implies that
(10.5) F1(x, y, z) = (z − x− y) + log(2) +O( 1
ez−x−y
+ e−min{x,y,z} + 1).
Now the bound follows from (10.2).
2. If |x− y| < z < x+ y, then since −2min{x, y} < z − x− y < 0, ez−x−y is again
the leading term in (10.4). Following (10.1) we have
F1(x, y, z) = 2e
(z−x−y)/2(1 +O(e−min{x,y,z} + e3/2(z−x−y) + 1).
Then (10.3) implies that:
(10.6) log(F1(x, y, z)) = (z−x−y)/2+log(2)+O(e−min{x,y,z}+e3/2(z−x−y)+1).
3. Finally, if z < |x − y| then z − x − y < −2min{x, y}. In this case, e−2min{x,y}
is the leading term in (10.4) . Hence by (10.1) we have
F1(x, y, z) =
√
2e−min{x,y}(1 +O(e−min{x,y,z} + 1)).
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Then (10.3) implies that:
(10.7) log(F1(x, y, z)) = −min{x, y}+ log(2)/2 +O(e−min{x,y,z} + 1).
✷
Proof of Lemma 4.5. The argument is an elementary case by case analysis using
lemma 10.1. We claim that
(10.8) |E(x, y, z)− E(x′, y′, z′)| ≤ 20 ǫ ×max{x, y, z}.
Note that:
• If (x′, y′, z′) ∈ Bǫ(x, y, z) then
(10.9) |(x′ + y′ − z′)− (x+ y − z)| ≤ 3 max{x, y, z} × ǫ.
Also, easy to check that
(10.10) 1/(1 + ǫ) <
min{x, y}
min{x′, y′} < 1 + ǫ.
• By the definition E(x, y, z) ≥ 0 if and only if (x, y, z) ∈ ∆1.
To simplify the notation, let D = E(x, y, z)− E(x′, y′, z′). Then we have:
1. If (x, y, z), (x′, y′, z′) ∈ ∆i for some 1 ≤ i ≤ 3, then (10.8) follows from (10.9)
and (10.10).
2. Assume that (x, y, z) ∈ ∆1, and (x′, y′, z′) ∈ ∆2 or ∆3. In this case, it is enough
to bound both E(x, y, z) and |E(x′, y′, z′)| from above. In this case (10.9) implies
that E(x, y, z) + z′ − x′ + y′ ≤ 4 max{x, y, z} × ǫ.
Now if (x′, y′, z′) ∈ ∆2, this is the same as that E(x, y, z) + 2|E(x′, y′, z′)| ≤
4 max{x, y, z} × ǫ. which is enough for us.
If (x′, y′, z′) ∈ ∆3, we can assume without loss of generality that x′ > y′. By
definition, z′ < x′ − y′ < x′. Then get that 0 < z− x = (z− x+ x′ − z′) + z′− x′ <
|z− z′+ x′− x| < 2ǫmax{x, y, z}. The bound follows since : 0 < (z−x− y)+ y′ <
(z − x) + |(y′ − y)|.
3. If (x, y, z) ∈ ∆2, (x′, y′, z′) ∈ ∆3,
• If y < x, and y′ < x′ then 2D = (z − x − y) + 2y′. Note that since
z′ − x′ + y′ < 0, we have
(z−x−y)+2y′ = (z′−x′+y′)+(z−z′)−(x−x′)−(y−y′) < |z−z′|+|x−x′|+|y−y′|.
Moreover, in order to obtain the lower bound on D, by 10.10 it is enough
to note that we have
−2y + 2y′ < (z − x− y) + 2y′.
• If y < x, and x′ < y′, then 2D = (z−x−y)+2x′. In this case z′−y′+x′ < 0,
and the upper bound exactly the same as before
2D = (z′ − y′ + x′) + (x′ − x) + (y′ − y) + (z − z′) < |z − z′|+ |y − y′|+ |x− x′|.
For the lower bound, we have
−2y + 2x′ < (z − x− y) + 2x′.
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On the other hand, we have
1
1 + ǫ
y <
1
1 + ǫ
x < x′,
and hence
−x′ǫ < x′ − y.
Now the result follows from (10.8) and Lemma 10.1 if we have max{ c1ǫ , c0} < L0,
where c0 and c1 are given by Lemma 10.1.
✷
We will use Lemma 4.4 and Lemma 4.5 to prove Lemma 4.9.
Proof of Lemma 4.9. Here we prove the statement for T0,4; the proof for T0,1
is similar. Assume that α separates the surface into two pairs of pants Σ1 with
boundary components α1, α4 and α and Σ2 with boundary components α3, α2 and
α. In view of the assumptions 1, 2, without loss of generality, we can assume that
(1) the length |a| of the shortest geodesic arc a joining α1 to α on Y is ≤ e−L/M .
(2) the length |b| of the shortest geodesic arc b joining α3 to α on Y is ≤ e−L/M .
Note that we also have e−2L ≤ |a|, and e−2L ≤ |b|.
Let dk be an arc joining α1 to α3, homotope to the arc going along a then going to
around α, k times and then going along b with reverse orientation. Following Lemma
4.4 (1), using (4.5), one can show that if k0 = 10 ·M2, d = dk0 > 2ML. Consider
the corresponding closed curve βk, (k ≥ k0) and β = βk0 . Then βk = hk−k0α (β).
Moreover, Lemma 4.4 (1) could be used to relate τα(Y ) (resp. τα(Y )) to d = |dk|:
(10.11) d = log(sinh(a)) + log(sinh(b)) + T + log(2) +O(e−L/M ),
T = τα(Y ) + k0ℓα(Y ).
Note that the length of β can be approximated in terms of d, ℓα1 and ℓα3 using
Lemma 4.4 (3). The first part of the Lemma follows from Lemma 4.4.
On Y ′ let |a′| and |b′| denote the length of the shortest geodesic arcs joining
joining α1 to α and α3 to α. Also, let d
′ = d′k0 be the length of the arc corresponding
to d = dk0 . Note that
1
1 + ǫ
<
ℓβk(Y
′)
ℓβk(Y )
< 1 + ǫ.
We consider the three pairs of pants formed by (β, α3, α1), (α, α3, α2) and (α, α1, α4).
In term of the notation used in §4.4, we have:
(ℓα1(Y
′), ℓα3(Y
′), ℓβ(Y
′)) ∈ Bǫ(ℓα1(Y ), ℓα3(Y ), ℓβ(Y )),
(ℓα1(Y
′), ℓα4(Y
′), ℓα(Y
′)) ∈ Bǫ(ℓα1(Y ), ℓα4(Y ), ℓα(Y )),
and
(ℓα2(Y
′), ℓα3(Y
′), ℓα(Y
′)) ∈ Bǫ(ℓα2(Y ), ℓα3(Y ), ℓα(Y )).
In view Lemma 4.5, we have:
(10.12) | log(sinh(d′))− log(sinh(d))| ≤ 5 ·MǫL,
| log(sinh(a′))− log(sinh(a))| ≤ 5 ·MǫL,
and
| log(sinh(b′))− log(sinh(b))| ≤ 5 ·MǫL.
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In view of (10.2) since ǫM < 1/M, and d > 2ML, we have d′ > ML. Similarly,
we have −3L < log(sinh(a′)) < − L2M and −3L < log(sinh(b′)) < − L2M . By Lemma
4.4 (2), we have
(10.13) d′ = log(sinh(a′)) + log(sinh(b′)) + T ′ + log(2) +O(e−L/M ),
where T ′ = τα(Y
′) + k0ℓα(Y
′).
On the other hand |ℓα(Y ) − ℓα(Y )| ≤ ǫML. Hence in view of (10.2), (4.11)
follows from Lemma 4.5, (10.11), (10.12), and (10.13).
✷
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